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• This monograph extends two previous works entitled: 

— A generalization of Eichler’s criterion for Fermat's Last Theorem 

— A classical approach on Fermat-Wiles theorem 

• This monograph contains a first part on cyclotomic fields dealing with class 
group, unit group and Hilbert class held of cyclotomic fields, independantly of 
Fermat-Wiles Theorem. 

Class group of cyclotomic field Q(C) 

— This topic is studied in sections § p. |l5|. Let pGN, p > 5 be a prime. 
Let ( be a root of the equation + X p ~ 2 + • • • + X + 1 = 0. Let 

Q(£) be the p-cyclotomic held and Z[£] be the ring of integers of Q(£). Let 
C P ,C+ ,C~ be respectively the p-class group of Q(£), the p-class group of 
Q(C + C' 1 ) and the relative p-class group C~ = C p /C+. Let C p C C p 
be the subgroup of the p-class group of Q(C) whose elements are of order 
1 or p. Let r p be the rank of C p . Let us note C p = © i T =1 T i , where L, 
is a cyclic group of order p. Let u £ N be a primitive root mod p. Let 
a : C —* C u be a Q-isomorphism of Q(£). We know that a generates 
G = Gal(Q(C)/ Q). Let b*, i = 1 ,... ,r p , be a not principal ideal of Q(C) 
whose class belongs to group Tj. Observe at hrst that cr(b,) ~ b(‘ l where 
~ is notation for class equivalence and im £ F* and where F* is the set of 
no null elements of the hnite held of cardinal p. Let the ideal b = n:^b. 
Let d € N, p —1 = 0 mod d. Let us dehne the minimal polynomial P rd (U) 
of degree in the indeterminate U such that P rd (cr d ) annihilates the ideal 
class of b written also h Pr di (jd ) ~ Z[£]. We show that the polynomial P rd (U) 
verihes a relation of form P rd (U) = — Ti)i hi £ F*, and then we 

obtain the following results: 

1. For d = 1 then r\ is the index of irregularity of Q(C) (the number of 
even Bernoulli Numbers H p _i_ 2 m = 0 mod p for 1 < m < 2^2). 

2. For Gcd(d\, d 2 ) = 1 then r ( i x x r<i 2 > r\. 

3. Let the ideal n = (f — 1 )Z[£]. There exists Bi £ Z[C], i = 1,... ,r p , 
with HjZ[C] = b' llP , m £ F*, n\(Bi — 1) and with a(Bi) = B X 
af, cti £ Q((), hi e F*. For m = u mi , m; £ N, 1 <mi<p- 2, 
then TT mi \Bi — 1. 

4. Let r+ be the rank of the p-class group of Q(£ + C -1 )- We can precise 
the previous result: with a certain reordering of indexing of Bi, i = 
1, • • • ,r p , 

* For i = 1,... ,r p then the Bi are singular primary, so n p \(Bi — 1), 

* for i = + 1,..., r p then Tr mi || (Bi — 1). 
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5. Hi = u 2rrii+l with 1 < rrii < 2ZI corresponds to an ideal b, whose 
class belongs to C~, relative p-class group of Q(£). In that case define 
Ci = so with Ci G Q(C). If 2m; + 1 > 2^2- then it is possible to 
prove the explicit very simple formula for Cf. 

Ci = 1--^- x (C + /h _1 CH-h/i“ (p_2) C P ~ 2 ) mod 7T P_1 , 7 j e F p . 

I- Hi 

unit group F = Z[£ + £ _1 ]*/(Z[£ + £ _1 ]*) p . 

This topic is studied in section |] p. [43|. We apply in following results to 
unit group Z[£ + £ -1 ]* the method applied to p-class group in previous 
results: 

1. There exists a fundamental system of units r]i> * = 1,..., 2^2, of the 
group F = Z[£ + £ _1 ]*/(Z[C + £ _1 ]*) p verifying the relations: 

(1) 

Vi € ^[C + C 1 ]*; * = 1) ■ • • ; ~~2 —’ 

°(Vi) = Vi* x e?, ttfF’, £j G Z[£ + C _1 ]*? i = 1, ■ ■ ■, 

Hi = 1 mod 7T 2m ‘, Hi = u 2mi , i = 1,..., 
a (Vi) = Vi' mod 7r p+1 , i = 1,..., ■ 

2. With a certain reordering of indexing of * = 1,, 2^2, then 

* for i = 1,..., r p , then rji are primary, so TT p \(r]i — 1), 

* for i = r p + 1,..., 2=2, then n 2mi — 1). 

3. If 2 rrii > 2=1 then it is possible to prove the very simple explicit formula 
for r]i- 

Vi = 1-t^-X (C + ^" 1 C U + - • • + ^' (P ' 2) C“ P " 2 ) mod vrP- 1 , 7 j e Fp. 

1- Hi 

p-elementary Hilbert class field of Q(£). 

Section f|] p. |5l] deals of Hilbert class field : we recall some results on Hilbert 
class held and on Furtwangler and Hecke Theorem of interest in study of 
Fermat’s equation. In section |] p. ^0| we study some relations between 
Hilbert class held of <Q>(£) and of subheld Q(£ + £ _1 ). 

We call p-elementary Hilbert class held FL of Q(£) the subheld of the Hilbert 
class held of Q(£) verifying by Artin map Gal(H/Q(Q) = Cp , where the 
group Cp has been defined above. The following result is representative of 
our results on Hilbert class held: 
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— With a certain reordering of index i = 1,... ,r p , and with the same meaning 
of Bi, i = 1,... ,r p , than in previous results, the p-elementary Hilbert 
class field verifies the structure: 

H = Q((,ui,...,Ur p ), wf e Q(C), w* 0 Q(C), i = l,...,r p , 

* where, for i = 1,..., r p , the cuf are primary, 

* where, for i = 1,..., r+, 

U^ = B U B,eZ[ C], BiZ[ c] = bf, Cl(bi)€C-, 

BiBi = i%, Aez[c+r 1 ]-z[c+r 1 r, 

* where, for i = r+ + 1, ,.., r p , the wf G Z[£ + C -1 ]*. 

Connection of Mirimanoff polynomials with p-class group of Q(£). 
Recall that, for m G N, 1 < m < the polynomials fom+i (T) = 

i 2m x T l are the odd Mirimanoff polynomials of the indeterminate 
T. Suppose that p divides the class number h of Q(£). Let r~ > 0 be the 
relative p-class group C~. We have proved that, for % = 1,..., r~, there 
exist different natural integers m, £ N, 1 < ra-i < and ideals bj of 

Z[£], Cl(hi) G C“, <r(bj) ~ bB 1 , = u 2rni+1 , and natural integers 

bi, 1 < bi < p — 1, verifying Mirimanoff polynomial congruences following 

X (f> p — 2 mi—i{bi ) = 0 mod p, i = l,...,r~. 

This monograph contains a second part dealing with Fermat-Wiles theorem 
on a classical approach. The Wiles’s proof of Fermat’s Last Theorem lets open 
the question to know if there exists also a proof of first case of Fermat’s Last 
Theorem resting on Classical Algebraic Number Theory. In this context, this 
monograph deals with several researchs on Fermat’s equation lying on: 

— some elementary properties of the ring of integers of the p-cyclotomic num¬ 
ber field Q(C), 

— on the representations of the Galois group G of Q(£) over the finite field 
F p , with the p-class group of Q(£) seen as a F P [G] module, 

— on the Hilbert class field of Q(£). 

In this second part: 

— Let p > 5 be a prime. Let ( be a primitive p-root of unity. Let Q(£) 
be the p-cyclotomic number field. Let h be the class number of Q(£). 
Let e p G N defined by h = p £p X h- 2 , E N, h-i ^ (1 mod p. Let 
r p be the p-rank of the class group of Q(£). Let x,y,z G Z — {0} be 



mutually co-prime. Let us assume that x, y, z verify the Fermat’s equation 
x p +y p +z p = 0 with xyz ^ 0 mod p (first case). Let i £ Z, t = — | mod p. 
Let <fo m +i(T) = T + 2 2m xT 2 + - + (p- l) 2m xT p ~\ m= 

' " ' ' Ip- 


be the odd Mirimanoff polynomials of the indeterminate T. In section | 
we give an elementary proof that, if r p < 2^1. 


89 


then 


Card{m 


1 < m < 


p — 3 


<hm+i(t) = 0 mod p} > 


p — 3 


— r 


p- 


2 ’ r ' 1_r v ~ 2 
In sections |l0| p. lit and [ll] p. 1 16| , we study Mirimanoff’s congruences in 
intermediate fields between Q and Q(C) and obtain strong generalizations 
on Mirimanoff polynomials. As an example, let p — 1 = / x g with / 
odd. Let K be the intermediate field Q C K C Q(C) and [K : Q] = g. 
Suppose that p does not divide the class number of K/Q. Then we have 
the Mirimanoff’s polynomials congruences mod p 


0/(2n+i)(*) = 0 modp, n = 0,1,.. 


9~ 2 
2 


Section [T^ p. |123| deals, in a strictly elementary appoach, of a set of explicit 
polynomials congruences P(t) = 0 mod p, P(T) £ F p [T], t = — we 
explain why it is legitimous to conjecture that all these congruences are 
not simultaneously possible. As an example, we prove the particular case 
of Fermat (first and second case): p\\(x — y) x (y — z) x (z — x) implies that 
x p + y p + z p ± 0. 


Section 14 p. |146| generalizes to polynomial congruences 4> m (t) = 0 modp, 1 < 
m < p — 1 , some results obtained in previous sections for congruences 
4 > 2 m+i{t) = o mod p, 1 < m < 

In section 16 p. 163, we give new summation criteria depending only on p 


for the first case of FLT with an extension of methods of nineteenth cen¬ 
tury resting on Rummer’s result on Jacobi resolvents and on Stickelberger 
theorem. 


* the first known example seen in the litterature being the Cauchy cri¬ 
terion : if ^ 0 mod p. then the first case of FLT holds for 

p). Different other summation criteria seen in the literature are Van¬ 
diver, Schwindt, Yarnada, Ribenboim, Skula, Ciranek, Dilcher-Skula 
and others. 

* In this monograph, we give several new summation criteria. As an 
example of results obtained, we give the (p — 2)(p — 3) new sum¬ 
mation criteria: for each di,d,2 E N, 1 < d\ < d2 < p — 2, if 
y.f-x yim-l. ^ ic\ lp A-i n [-rr!P_ 2^1 4 # 0 mod p, then the first case 
of FLT holds for p. 
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In section E p. |197| dedicated to second case, we prove, as an example, 
the second case of FLT when p || y, with a strictly elementary method in Z 
resting on Barlow-Abel formulas proved in first part on nineteenth century. 
We give also canonical forms of the Fermat’s equation resting on classical 
theory of Q(C) when the class number h + of the field Q(£ + £ -1 ) is divisible 
or not divisible by p. 

In this monograph, it is also important to note, as explained in section [l8| 
p. |193| , that almost our results on the First case of FLT can be applied to 
a wider set of diophantine equations than the Fermat equation, in fact for 
a prime p G N, p > 5, 

* all the equations of the form: 

r v v p _ 

( 2 ) +V - + p 


x + y 


= f,, x, y, t\ G Z, xy(x 1 — y ) ^ 0 mod p. 


Observe that xy(x 2 — y 2 ) ^ 0 mod p is hypothesis of Terjanian con¬ 
jecture for equation (|2j) to have only a trivial Rummer’s system of 
congruences. 

* All the equations of the form: 


(3) x p + y p + c x z p = 0, x, y,z,c G Z, xy(x 2 — y 2 ) ^ 0 mod p, 


where all the prime factors q of c verify q jk 1 mod p, belong to this 
category. 

— For a first quick outlook of first case of Fermat-Wiles Theorem , see at 
first the Table Of Content of this monograph and the Comparative 

on page |183| . where we 

compare some of our results with bibliography, with, for each result, the 
ident number and page number of the theorem. 


survey with First Case bibliography section 17 


• The important results (subjective) are tagged with the symbol ***. Our main 
interrogation is to know those of them that Professionnal Number Theorists feel 
correct and, among them, those that they feel not known in literature. 

• The Table of Content completes this abstract to see more precisely the methods 
and perimeter of our study of cyclotomic fields and of Fermat-Wiles theorem. 

• dependances between sections and reading order: 

— sequence: 1 —2 —3 —^ 4 —5 —6, cyclotomic fields 

— sequence: 1 —> 7 —>• 8 —> 9 —> 10 —> 11, FLT 

— sequence: 1 —^ 7 —8 —^ 12, FLT 

— sequence: 1—>2—>3—>7—>8—>13—>14, FLT 
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sequence: 1—>2—>3—>4—>15, FLT 
sequence: 1 —> 7 —> 8 —> 16, FLT 
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A classical approach on cyclotomic fields and 
Fermat-Wiles theorem - Version 1.2 

Roland Queme 
2002 October 31 

PART ONE: ON CYCLOTOMIC FIELDS 

This first part of the monograph deals of cyclotomic field Q(Cp) f° r P prime, without 
any connection with Fermat-Wiles Theorem. It contains: 

• A study of the structure of the p-class group of the field Q(£). 

• A study of the structure of the unit group Z[£ + C -1 ]*- 

• A study of the structure of the Hilbert class field of Q(C)- 

• A study of the structure of the Hilbert class field of Q(£ + C -1 )- 


12 



1 Some definitions 

In this section, we fix notations used in all this monograph. 

• For a £ M + , we note [a] the integer part of a or the integer immediately below 
a. 

• We denote [a, b\, a,&£l, the closed interval bounded by a, b. 

• Let us denote < a > the cyclic group generated by the element a. 

• Let p £ N, p > 5, be a prime. 

• Let u £ N be a primitive root mod p. 

• For i £ N, let us denote tq = u l mod p , 1 < Ui < p— 1. For i £ Z, i < 0, this 

is to be understood as UiU~ l = 1 mod p. This notation follows the convention 
adopted in Ribenboim |h]], last paragraph of page 118. This notation is largely 
used in the sequel of this monograph. 

• Let Q(C) be the p-cyclotomic number field. 

• Let Z[£] be the ring of integers of Q(£). 

• Let Z[£]* be the group of units of Z[£], 

• Let Q(C + C _1 ) be the maximal real subfield of <Q>(£), with [Q(£) : Q(C + C -1 )] = 
2. The ring of integers of Q(C + C -1 ) is ^[C + C -1 ]- Let Z^ + C” 1 ]* be the group 
of units of Z[C + C -1 ]- 

• Let F p be the finite field with p elements. Let F* = F p — {0}. 

• Let us denote a the integral ideals of Z [£]. Let us note a ~ b when the two 
ideals a and b are in the same class of the class group of Q(£). a ~ Z[£] means 
that the ideal a is principal. 

• Let us note Cl( a) the class of the ideal a in the class group of Q(£). < Cl( a) > 
is the finite group generated by the class Cl( a). 

• If a £ Z[£], we note aZ[£] a principal integral ideal of Z[("]. 

• We have pZ[£] = 7r p_1 where 7r is the principal prime ideal (1 — £)Z[£]. 

• Let us denote A = £ — 1. 

• Let us denote t : Q(£) ► Q(C), the Q-isomorphism of Q(£) defined by r(£) = 

c^ 1 , (complex conjugation). For a £ Q(£), we note also a = r(a). 
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• For i = 1,... ,p — 1, let us denote r* : Q(C) —> Q(C)> the Q-isomorphism of Q(C) 
defined by Tj(<Q = C- 

• Let G = Gal(Q(C/Q) be the Galois group of the field Q(£). 

• Let <7 : Q(C) —► Q(C) be the Q(£)-isomorphism defined by a(Q = ( u where u 
is a primitive root mod p. The Q-isomorphism a generates the Galois group 
G = Gal(Q( C)/Q). 

• For d & N, p— 1 = 0 mod d , let Gd be the cyclic subgroup of G generated by 
a d , so with G\ = G. 

• Let C p be the p-class group of the field Q(C), the subgroup of the class group 
whose elements are of p-power order. 

• Let G+ be the p-class group of the field Q(£ + C -1 )- 

• Let C~ be the relative class group defined by C~ = C p /Cp . 

• Let h be the class number of Q(C)- The class number h verifies the formula 
h = hr x h + , where h + is the class number of the maximal real field Q(C + C^ 1 )> 
so called also second factor, and h~ is the relative class number, so called first 
factor. 

• Let us define e p by h = p e p x /i 2 , /i 2 ^ 0 mod p. Let us define e~ by 

h~ = p e p x 1%2 , h 2^0 mod p. 

• Let ?p, r p , r p , be respectively the p-rank of the class group of Q(C), of the class 
group of Q(C + C -1 ) and of the relative class group. 

• The abelian group C p of order p e p is C p = ©[fQCj where Ci, i = 1,... ,r p , 
are cyclic groups of order p £i with e p = e\ + • • • + e Tp . Let C p be the subgroup 
of C p whose elements are of order 1 or p. The group C p is a group of order p r p 
with Cp = ® r i 1 L l C' i where C[ are cyclic group of order p. The group C p plays a 
central role in this FLT study. 

• Let Cp + be the subgroup of C '+ whose elements are of order 1 or p. 

• Let Cp~ be the subgroup of C~ whose elements are of order 1 or p. 

• Let us note (j) m (T) = yQ'Q 1 i m ~ l x T l the Mirimanoff polynomials of the inde¬ 
terminate T. 
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2 On structure of ^-subgroup of the class group 

of Q(C) 


The three first subsections 2T p. 0, p P . o and |p p.|l8] give some definitions and 
general properties of the p-class group of the extension Q(C)/Q. The subsection |2 


p. 22 gives some results obtained in the structure of the p-class group C p of Q(£) and 
on class number h of Q(£). 


2.1 Some definitions and notations 

In this subsection, we fix or recall some notations used in all this section. 

2.2 Representations : Gd —» GL(F p .Vd). 

• Let Ci = Cl(a l (b)), i = 0,... ,p — 2, be the class of <r*(b) in the p-class group 

ofQ(C). 

• With these notations, we have = Cl(cr ld (b)), i = 0,..., — 1. 

• The groups < Cid >, i = 0,..., — 1, are cyclic groups of order p. 

• Let, for d given, C Pt d be the subgroup of C p generated by the set of ideal classes 

Ed = { Cid I * = 0,... ,^-j^ - 1}. 

d 

Let, for d given, Td be the p-rank of C P: d- Clearly, from these dehnitions, it 
results immediatly that 

(4) 1 < r d < 

d 

Show that the group C p d is also generated by the set of classes of ideals 

(5) E d (r d ) = {c id | i = 0,..., r d - 1} : 

— It is clear when r d = 

— Suppose that r d < and that the group C{Ed(r d )) generated by the 
set of classes E d {r d ) verifies C(E d (r d )) C C P}d and C{E d (r d )) ^ C P)d and 
search for a contradiction: 
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* Suppose at first that c ld , i = 0,..., r d , are not linearly independant: 
from linear relation between the Ci d , i = 0 ,..., r d , by conjugation 
a d , we would get the same relation between c^, i = 1 ,..., r^+1 and 
then, by elimination, a linear relation between c^) i = 0 ,..., r d — 1 
and C( r<J+1 ) d , and in the same way, between c^, i = 0 ,... ,r d — 1 
and C(r d+ 2 )d-> and finally C(E d (r d )) = C Pt d, contradiction; 

* then Cid, i = 0 ,..., r d , should be linearly independant and therefore 
the p-rank of C(E d (r d )) should be > r^ +1 > r d , which is impossible. 

— Elsewhere, the group C P)d is not generated by the set of class of ideals 

Ed(J >) — {Cjd | i — 0, . . . , l 1, l <C Td, } 

if not the p-rank would be smaller than r d . 

• Note that C Pjd C C p , without assuming any other hypothesis: C pd = C p or 
C P 4 / C p and therefore 

rd < r p , 

where r p is the p-rank of the class group of Q(£). 

• Observe that the property Y\dZo cr * (b) is a principal ideal implies that r\ < p— 1. 

• F(r d ) = ©[Iq 1 < c id > can be seen as a F p -vector space of dimension r d that 
we denote F p .Vd in the sequel. 

• With this definition, the set {ci d | i = 0,..., r d — 1} is a basis of the vector 
space F p .V d , 

• With this definition of the vector space F p .Vd, corresponds one representation 
Pd- G d -> GL(F p.V d ) of degree r d defined by: 

Pd(cr d )(c id ) = C(i +l)d , i = 0,..., r d - 2, 
r d ~ 1 

Pd{& )(C(j- d —l)d) — ^ ' \,dCid, 
i=0 

\,d ^ Fp, A 0 ,d -f- 0, A r d}d = lj 
the second relation meaning that 

s A °- d x cr d (s) Al ’ d x • • • x X cr drd { s) ~ Z[C], 

(with notation ~ Z[(\ for principal). 
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• Observe that Pd{G d ){c(r d -i)d) = c rd d, therefore, we have the linear dependance 
relation 

rd~ 1 

(6) Ld • Cr^d “I - ^ ^ ^i,dC-id — O' 

i= 0 

The vector C( rd+1 )^ can be computed by 

Td~ i 

(7) T ^ ^ ^i,dC(i+l)d 0. 

i= 0 

The vectors C( i+1 ) rf , i = r^,..., 2^- — 2, can be explicitly computed succes¬ 
sively in function of X it d, i = 0,..., — 1 in this way. 

• Observe that if d = 1 then ri < p — 1, and so p\ : G —> GL(Fp.Fi) corresponds 
to this definition. 


• Fp.V^ can be seen as the sub-F p [Gd]-module of Cp generated by action of the 
group Gd on group < Cd >=< Cl(cr d (h)) >. 

• Recall that Cl( b) is the class of the ideal b of Z[£]. Observe that exponential 
notations h a can be used indifferently in the sequel. With this notation, we 
have 


— h ad = a d { b). 

— For A £ F p , we have b <T+A = b A x <r(b). 

— Let P(c) = a m + A m _iCT m_1 + • • • + Ai<r + Ao £ Fp[o-]; then b p ^ = 
cr m (b) X cr m_1 (b) Am - 1 x • •• X cr(b) Al X b A °. 

— Let us note b p (°l ~ Z[£], if the ideal cr m (b) X(j m_1 (b) Am ~ 1 ... fj(b) Al xb A ° 
is principal. 

— Let P(a),Q(a) £ F p [ct]; if b p M ~ Z[C], then bW0) xP 0)) ~ Z[C]. 

— Observe that trivially b( CTP 1_1 ) ~ Z[£]. 


To relation Ld defined in relation (0) p.|l7|, corresponds the monic minimal 


polynomial P rd (V) £ F p [F] 
nornial P r 


r d {V) verifies the relation, for V = & 


polynomial ring of the indeterminate V ; the poly- 
_ —d. 


( 8 ) 


h p r d G d ) = b (^d+E2o Kd° di ) ~ Z [£]. 


It is minimal because for all polynomials R(V) £ F p (F), R{V) / 0, deg(R(V)) < 
deg(P rd (V )), we have b p ( cr<1 i 9 ^ Z[£]. It means, with an other formulation in 
term of ideals, that na„^(b) A <- is a principal ideal and that < 7 ld (b)^ 
is not principal when a < rd and (3i , i = 0 ,..., a, are not all simultaneously 
null. 
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2.3 Representations of Galois group Gal( Q(C)/Q) i n char¬ 
acteristic p. 

In this subsection we give some general properties of representations of G = Gal(Q(C)/Q) 
in characteristic p and obtain some results on the structure of the p-class group of 
Q(C)- Observe that we never use characters theory. 


2.3.1 Some preliminary results 

Lemma 2 . 1 . Let d £ N, p — 1 = 0 mod d, with the representation 


Pd '■ G d GL(F p .V d ) 


defined in previous subsection 2.1 p. It. Let V be an indeterminate. Then the 


minimal polynomial P rd (V) of the representation p d verifies the factorization 


rd. 

Pr d iy ) = 1 pi,d)i Pi,d C Fp, i\ ^ pii Pi 2 - 
2—1 

Proof. Let us consider the polynomials A(V) = V p ~ l — 1 and P rd (V) G F p [F], It is 
possible to divide the polynomial A{V) by P rd (V) in the polynomial ring F p [F] to 
obtain 


A(V) = P rd (V) x Q(V) + R(V), Q(V), R(V) G F p [V], 

d R = deg v (R(V)) < r d = deg v (P rd (V)). 

For V = a d , we get bO d(p 1)_1 ) ~ T,[(f\ and b Pr d G d ) ~ Z[£], so s R G d ) ~ Z[(\. Suppose 
that R{V) = Yli=Pi C F p , is not identically null; then, it leads to the 
relation 

b Ei=o * 0 *) ~Z[C], 

where the Ri are not all zero, with d R < r d , which contradicts the minimality of 
the relation L d , relation (Q) p.|l7], and of the minimal polynomial P rd (V). Therefore, 
R(V) is identically null and we have 

VP- 1 - 1 = P rd (V) x Q(V). 

The factorization of V p - X — 1 in F P [F] is F p_1 — 1 = YY’Z^lV — i). The factorization 
is unique in the euclidean ring F p [F] and so P rd (V) = R=i(F — hi,d)i hi,d G 
Fp, i\ / *2 => Pii Pi 21 which achieves the proof. □ 
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Lemma 2.2. Let the representation p\ : G —> GL(F p .Vi) of degree r\ with minimal 
polynomial P ri (U) of the indeterminate U. Let d 6 N, p — 1 = 0 mod d, be such 
that pd : G d —> GL(F p .Vd) is a representation of degree r d of minimal polynomial 
P rd (W) of the indeterminate W, as defined in previous subsection 2A p. |7|. Then 


1. p ri (.u) = YlZi(u-m), p-i € f p . 

2. Pr d (U d ) = nlti(U d - pf) = P ri (U) x Q d (U), r d < n, Q d (U) 6 F p [[/]. 

3. 77ie p-ranks r\ and r d verify the inequalities 


(9) 


r d x d> n > r d . 


4■ Let K d be the intermediate field Q C K d C Q(£), [. K d : Q] = d. Suppose that 

p does not divide the class number of K d /Q; then pf ^ 1 for i = 1,..., r d . In 
particular pi / 1 for i = 1 ,..., n. 


Proof. 

• Observe, at first, that degjj(P rd (U d )) = d X r d > rp. if not, for the polyno¬ 
mial P rd {U d ) in the indeterminate U, whe should have degu(P rd (U d )) < r\ and 
P rd (a d ) o b ~ Z[£] and, as previously, the polynomial P rd (U d ) of the indeter¬ 
minate U should be identically null. 

• We apply euclidean algorithm in the polynomial ring P p \U] of the indeterminate 
U. Therefore, 

P rd {U d ) = P ri (U) x Q(U) + R(U), Q(U),R(U) G F p [U], 

deg(R(U)) < deg(P ri (U)). 

But we have b Pr d.G d ) ~ Z[Q, b Pr i^ ~ Z[£], therefore b R ^ ~ Z[£]. Then, 
similarly to proof of lemma Op® R(U) is identically null and P rd {U d ) = 
P ri (U)xQ(U). 

• Applying lemma |2.1| p.|l^, we obtain 

r l 

P ri(U) =Y[(U - Pi), Pi 6 F p , 

2=1 

rd 

Pr d (U d ) = H(U d - p itd ), Pi, d £ Fp. 

2=1 
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Then, we get 


I'd, n 

Pr d (U d ) = n (U d - im 4 ) = U(U - Hi) X Q(U). 

i=l i =1 

There exists at least one i, 1 < i < rj, such that ( U d — Hi,d) = (U — Hi) x 
Qi(U): if not, for all i = 1,..., rj, we should have U d — Hi,d = R t mod (U — 
fi i), Ri £ F p — {0}, a contradiction because Pi / 0- We have Hi,d = /if: 
if not U — Hi should divide U d — Hi,d and U d — fi d and also U — Hi should divide 
( Hi,d ~ A*f) £ F p — {0}, a contradiction. Therefore, there exists at least one 
i, 1 <i< rd, such that Hi,d = /-if and U d — Hi,d = U d — Hi = {U — Hi) x Qi(£0- 
Then, generalizing to Hid for all * = 1, • • •,r^, we get with a certain reordering 
of index i 

I'd n 

p^)=H(u d - ni )=- w) >< w). 

i =1 


• We have 


This relation leads to 


I'd 

Pr d (U d ) =H(U d - Hi). 

i =1 


Pd d 

Pr d (U d )=Hll(U-Hiti), 

i=lj=l 


where Hd £ F p , /i(j = 1. We have shown that P rd (U d ) = P ri (U) x Qd(U) and 
so degu(P rd (U)) = d x > ?’i; thus dxr^> rq. 


• We finish by the proof of enumeration 4): suppose that, for some i, 1 < 
i < rd, we have h} = 1 and search for a contradiction: there exists, for 
the indeterminate V, a polynomial P\ (V) € F P (V) such that P rd {V) = (V — 
Hi) x P\(V) = (V — 1) x Pi(V). But for V = a d , we have b Pr d^ d '> ~ Z[(], 
so h( adpi ( ad )- p d ad )) ~ Z[£]. So, is the class of an ideal c of Z[£] 

with C7(<r d (c)) = Cl{ c); then Cl(a 2d ( c)) = Cl(a d ( c)) = C7(<r d (c)) = Cl( c). 
Then Cl(a d (c) x a 2d (c) x ••• x = C'A(cl p_1 l/ <i ). Let r = a d ; 

then CI(t(c) x t 2 (c) x • • • x t^W^c)) = Cl(c^~ 1 ' ) ^ d ); Then we deduce that 
Cl(NQ(Q/ Kd (c)) = (7/(cl p_1 l/ d ) and thus c is a principal ideal because the ideal 
^Vq(C )/K d ( c ) °f Pd Is principal, (from hypothesis, p does not divide h(Kd/ Q)); 
so b Pl l' Td l ~ Z[C], which contradicts the minimality of the minimal polyno¬ 
mial equation b Pr d ( a ) ~ Z[£] because, for the indeterminate V, we would have 
deg(Pi(V)) < deg(P ra (V)), which achieves the proof. 

□ 
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2.3.2 Preliminary on representations 

We summarize some results obtained in: 

Lemma 2.3. Let b be an ideal of Z[£], b p ~ Z[£], b cfi Z[£]. Let p\ : G —> 

GL(Fp.Vi) be the representation corresponding to a, see definition in subsection \2. 1\ 
p. |I^. Let r\ be the degree of p\. Let d G N, p — 1 = 0 mod d. Let a d : ( —» ( Ud 
be the Q- isomorphism of Q(C) corresponding to d. Let pd : Gd —> GL(F JJ .V^) be the 
representation corresponding to a d . Let rd be the degree of the representation pd■ Let, 
for the indeterminate W, 

P rd (W) = W rd + K d -i : dW rd ~ 1 + ■■■ + X 14 W + A 0 ,d 

be the minimal polynomial corresponding to the representation pd■ Then there exists 
Hi, P 2 , ■ ■ • , l- l ri G F p , with i ^ i! =>■ pi / pf, such that, for the indeterminate U, 

• the minimal polynomials P ri (U ) and P rd (U d ) are respectively given by 

ri 

P ri (U) = H(U-p i ), 

2—1 

rd 

Pr d (U d ) = H(U d -pt), r d <r u 
2—1 

P ri {U) | P rd (U d ). 

• The coefficients of P rd {U d ) are explicitly computable by 
Pr d (U d ) = 

U drd - Slid) X U d ( rd ~V + s 2 (d) X U d{rd ~ 2) + • • • + (-1 y^Sr^id) x U d + (-1 Y d S rd (d), 

$0 (d) ^rd,d 1? 

5 , 1 (d) = -A rd _ M = ^ 

*=!,■■■, r d 

S 2 (d) = Xr d -2, d = E 

l<il<i2<r li 

^(d) = (-l) r “Ao, rf = ^...<. 

• TTien i/ie idea? 

r d 

( 10 ) 

*=o 

is a principal ideal. 


r d 

= J]V i (b) A ^ = b R 'Vi (CT<i) 

i=0 
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Remark: For other annihilation methods of C7(Q(£)/Q) more involved, see for 
instance Kummer, in Ribenboim [39] p 119, (2C) and (2D) and Stickelberger in 
Washington Q p 94 and 332. 


2.4 On the structure of the p -class group of subfields of 

CMC) 

In this subsection on p-class group of cyclotomic helds, strictly independant of FLT 
equation, we deal of: 

• a formulation, with our notations, of a Ribet’s result on irregularity index. 

• the action of Gal(Q(()/Q) on p-class groups of subfields of Q(C), 

• an inequality involving the p-rank of the group generated by the action of 
groups G, G d , G g , d\p - 1, g\p - 1, gcd(d,g) = 1 on ideals b of Q(C), 

• some relations obtained from Stickelberger theorem in Q(C)> 

• some relations obtained from Stickelberger theorem in subfields of (Q)(£), 

• some congruences mod 7r p+1 connected to p-class group C p of Q(C) with con¬ 
sequences on structure of relative p-class group C~, 

• some congruences on all prime factors of class number h of Q(C)- 

• an explicit formula for the computation of relative class number h~. 

2.4.1 Some definitions and notations 

• Recall that: 

— C p is the p-class group of Q(£), subgroup of the class group C whose 
elements are of p-power order, 

— r p is the p-rank of the class group of Q(C), 

— Cp is the subgroup of C p whose elements are of order 1 or p. 

• Let G = Gal(Q(Q/Q) be the Galois group of the field Q(C)- Let, for d\p — 1, 
Gd be the subgroup of d powers a dl of elements a 1 of G. 
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• Suppose that r p > 0. There always exists an ideal class with a representant 
b C Z[£], with b p ~ Z[£], b yk Z[£], which verifies, in term of representations, 
for some ideals bj of Z[£], i = 1,... ,r p , 


( 11 ) 


r p 

b ~ JJbi, 

i— 1 

bf~Z[C], bi^Z[C], i = 1,... ,r p , 

cr(bi)~bf, Hi G F p , bi + 7r = Z[C], i = l,...,r p , 

Cj * 0^ < CZ(bi) >, 

ri 

P ri (U) =H(U - Hi), b p nW~Z[C], l<ri<r p , 


where P ri (£/) is the minimal polynomial in the indeterminate U for the action 


of G on an ideal b, see theorem |2.3| p 21. Recall that it is possible to encounter 


the case Hi = hj bi the se l {h i> • • • , hr p }', by opposite if U — Hi and U — Hj 
divide the minimal polynomial P ri {U) then Hi 7^ Hj- r i I s therefore the degree 
of the minimal polynomial P ri (U). 


• Let us denote M ri = {h% \ i = 1,..., ri}. 

• Let d € N, d\p—l, 2 < d < Let K r j be the field Q C Kd C Q(£), [Kd, '■ 
Q] = d. 

• Let P rd (V) be the minimal polynomial of the action of the group Gd on the 
ideal class group < b > of order p. Let r ( i be the degree of P rd (V). 


2.4.2 On the irregularity index 

Recall that r p is the p-rank of the group C p . The irregularity index is the number 

p — 3. 


= Card{B p _i_2m \ B p -i-2m = 0 mod p, 1 < m < 




where P p _i_ 2 m are even Bernoulli Numbers. The next theorem connects irregularity 
index and p-rank r\ dehned in relation ( pi] ) p. ^3|. 

Theorem 2.4. *** With meaning of r i defined in relation p. 2c then % p = r\. 
Moreover, if h + ^ 0 mod p then i p = r\ = r p . 

Proof. Let us consider in relation ([LL) the set of ideals {b* | i = 1,..., r p }. The result 
of Ribet using theory of modular forms [44] mentionned in Ribenboim [^] (8C) p 
190 can be formulated, with our notations, 


( 12 ) 


P p _i_ 2 m = 0 mod p 3i, 1 <i <r. 


p, 


b 


<T-«2m+l 


~z[c]. 
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There exists at least one such i, but it is possible for i / i! that “ 2m+1 ~ 
b", U2m+1 ~ Z[(], The relation (|T2| ) implies that i p = r\. When h + ^ 0 then 
i p = r p , see for instance Washington [^] in proof of theorem 6.18 p 102. □ 


Remark: when h + p 0 the relation r p = r\ is a reformulation of theorem 13.3 p. 
|143| proved in FLT context in an elementary way. 


2.4.3 Inequalities involving degrees r \, r d , r g of minimal polynomials 

P ri (V), P rd (V), P Tg (V) annihilating ideal b. 

In this subsection, we always assume that b is defined by relation (© P . n 

Let p > 3 be a prime. Let d, g G N, with gcd(d,g ) = 1 and d x g \ p — 1. 
Recall that are the degree of the minimal polynomials P ri (V), P rd (V), P rg (V) of the 
indeterminate V with b Pr P ad ^ ~ b Pr d.( ad '> ~ b Pr g( a<> ) ~ Z[£]. 

Lemma 2.5. Let d G N, 1 < d < p — 1, p— 1 = 0 mod d. If d x ri > p — 1 then 
r d < n. 

Proof. For each i = 1,...,n, there are d values j = 1,... ,d, such that g d d = g d . 
Therefore there are d x r\ values gij which cannot be all different, thus there exists 
at least two pairs (h,ji) and (i\,j 2 ) such that gi 1 j 1 = Pi 1 ,j 2 an d so r d < r\. □ 

The next theorem is a relation between the three degree r \, r d and r g . 

Theorem 2.6. *** Let d, g E N, gcd(d, g) = 1, dxg\p — l. Then 

(13) r d x r g > r\. 

and if r d = 1 then r g = r\. 

Proof. 

• Let us consider the minimal polynomials P rd (U d ) = hi) and P rg (U 9 ) = 

Tl'iLi(U 9 — Vj) of the indeterminate U with b Pr d^ d ) ~ Z[(\ and b Pr s^ a9 ^ ~ Z[£]. 

• From lemma p. we have seen that P ri (U)\P rd (U d ) and that similarly 
P ri (U)\Pr g (U g ), thus P ri (U)\gcd(P rd (U d ),P rg (U g )). 

• Let M ri = {m | i = 1,..., n}. Let us define 

Ci(m) = {m X aij | a d = 1, j = 1,... ,d} D M ri , i = l,...,r d . 

Let us define in the same way 

CpVi) = {vi x [3j | P 9 - = 1, j = 1,... , g} n M ri , i = 1,..., r g . 
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We have proved in lemma 2.2 p.19 that P ri (U)\P rd (U d ). 
Ci(fii), i = 1,..., rd, are a partition of M ri and r\ = ^ 


Therefore the sets 
Hi Card(Ci(m)). 


• In the same way P ri {U)\P Tg ( U 9 ). Therefore the sets C^i/j), i = 1,... ,r g , are 
a partition of M ri and ?'i = YliLi Card(C- 2 (i'i))- 


• There exists at least one i 6 N, 1 < i < r^, such that Card{Ci{p,i)) > 

For this i , let v\ = //* x ctu, af = 1, z^i e M ri and, in the same way, let 
^2 = Ax a 2 , «2 = 1, ^2 £ M ri , . We have ^ u? 2 : if not 

we should simultaneously have af = and af = af, which should imply, 
from gcd(d,g) = 1, that a\ = 0 : 2 , contradicting u\ / /y 2 and therefore we get 
CMi/i) ^ C-afo). 


• Therefore, extending the same reasoning to all elements of C\ (pi), we get £1 < 
Card{Ci(gi)) < r g , which leads to the result. 

• If 7'd = 1 then r g > r\ and in an other part r g < r\ and so r g = r\. 

□ 


Remark: Observe that = 0 implies directly that r\ = 0. 

2.4.4 On Stickelberger’s ideal in field Q(C) 

In this subsection, we give a result resting on the annihilation of class group of Q(C) 
by Stickelberger’s ideal. 

• Let us denote a ~ c when the two ideals a and c of Q(C) are in the same ideal 
class. 

• Let G = Gal(Q(()/Q). 

• Let r a : ( —> £ a , a = 1,... ,p — 1, be the p — 1 Q-isomorphisms of the field 

Q(C)/Q- 

• Recall that u is a primitive root mod p, and that 

a : £ —*• ( u is a Q-isomorphism of the field Q(C) which generates G. Recall 
that, for i E N, then we denote ip for u l mod p and 1 < Uj < p — 1. 

• Let b be the not principal ideal defined in relation (jll) p.[23|. Let P ri (a) £ F p [G] 

be the polynomial of minimal degree such that P ri (a) annihilates b, so such 
that is principal ideal, see lemma P pH, and so 

r 1 

Rri (cr) = — d"i)i d'i £ Fp, i 7^ i =>■ Pi 7^ Pi- 

i =1 


25 




In the next result we shall explicitly use the annihilation of class group of Q(C) by 
the Stickelberger’s ideal. 


Lemma 2.7. Let P ri (U) = YYi=\{U — Hi) be the polynomial of the indeterminate U, 
of minimal degree, such that b Pr i( fT ' is principal. Then Hi 7 ^ u, i = 1,..., r\. 


Proof. Let i £ N, 1 < i < r\. From relation ([ll]) p.|23|, there exists ideals bj G 
Z[£], i = 1, ... ,r p , not principal and such that b = \\T_l bj, with b^ _Ml principal. 
Suppose that Hi = u i and search for a contradiction. Let us consider 6 = | x 

r” 1 G Z[G]. p6 G Z[G] and the ideal s pd is principal from Stickelberger’s theorem, 
see for instance Washington [68], theorem 6.10 p 94. We can set a = u m , a = 


1, ... ,p— 1 , and m going through all the set {0, 1 ,... ,p — 2}, because u is a primitive 
root mod p. Then r a : ( —> f a and so T~ l : £ — s- *) = £(“ m ) = 

= cjP- 1 -™ = cr- m . Therefore, 6 = YlZ= {) The element a - Hi = 

<t — u annihilates the class of bj and also the element u x <r~ 1 — 1 annihilates the class 
of bj. Therefore u m a~ m — 1, m = 0,... ,p — 2, annihilates the class of bj and finally 
p — 1 annihilates the class of bj, so b^ -1 is principal, but b? is also principal, and 
finally bj is principal which contradicts our hypothesis and achieves the proof. □ 


2.4.5 7r-adic congruences connected to p-relative class group C p 

In this subsection , we shall describe some 7r-adic congruences connected to p-relative 
class group C~. 

• Let C p be the p-class group of Q(£), C p be the subgroup of C p whose elements 
are of order 1 or p. 


Let r p be the p-rank of C pi let r+ be the p-rank of C p and r p be the relative 
p-rank of C~ . Let us consider the ideals b defined in relation © pH 


( 14 ) 


X 

£ 

11 

£1 

x V x V+i x ■ 

• • X b rp 

c l p = < 

: Cl(bi) >, 


b?^Z[C], 

bj^Z[C], i = 1, 

...,r p , 

^(bO^bf, 

Hi G F*, i = 1 

,..., r p , 

Cl{hi) G C~ 

, i = 1,... ,r~, 


Cl(bi) G C+ 

T—1 

+ 

II 

•<s> 

r p , 


b p -iW ~Z[C], 



~z[C]. 
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Recall that P ri (c t) £ F P [G] is the minimal polynomial such that b- Pr i( <J ) ~ Z[(] 
with n < r p . Recall that P ~{a) E F P [G] is the minimal polynomial such that 
(ji) p n( CT ) ~ Z[(\ with rf < r~. 

• We say that C E Q(C) is singular if CZ[(\ = c p for some ideal c of Q(£). We say 
that C is singular primary if C is singular and C = c p mod 7 t p , c E Z, c ^ 
0 mod p. 

Lemma 2.8. There exists Bi E Z[£], i = 1,..., r~, such that 

Bin c] = b?, 

rv • 

e Q(C), <rZ[C] + 7T = z[C], 


(15) 


*(=) X (=)-« = (=)', 

Bi Bi Oii 


cr (=) = (=) w mod 7r p+1 , 

' D 7 v D 7 


Ah — ^2mj+l- 


Proof. Observe that we can neglect the /j,; = -U 2 m; such that a — Pi annihilates ideal 
classes E C+, because we consider only quotients = , with ideal classes CZ(bj) in 
(7“, i = 1,..., r p . The ideal bf is principal. So let one /3j E Z[£] with = bf. 

We have seen in relation (JTl]) p.|23| that cr(bj) ~ bf*, therefore there exists a* E Q(C) 
such that = ajZ[C], also = £j x af, e* E Z[£]*. Let Rj = J” 1 x /?*, <Jj £ 
Z[£]*, for a choice of the unit that whe shall explicit in the next lines. We have 

a(Si x Bi) = af x («5j x Rj) pi x e*. 

Therefore 

(16) a(B t ) = af x Rf x (a(<5r 1 ) x x £i )- 

From Rummer’s lemma on units, we can write 

Si = e i xm, «i€Z, m EZ[c + c _1 r, 

= C 1 ' 2 x 72) ^2 £ Z, 7/2 £ Z[C + C 1 ]*- 

Therefore 

cr(5- 1 ) X <5f X £j = r , i“ + ”i' ii+ '' 2 X 7 ? , 7/ E Z[C + C 1 ]*- 

From lemma ^ P-H, we deduce that pi u, therefore there exists one v\ with 
— v\u + v\pi + V 2 = 0 mod p. Therefore, chosing this value v\ for the unit 5%, 

v{Bi) = of X Rf X 7/, o i Z[C]+7T = Z[C], TjEZtC + r 1 ]*, 

' ' " ^(Rf) = o- p x R~ w x 77. 


We have a, = a* mod 7r and we have proved in proposition 0 p.fbil that 
af mod ir p+1 , which leads to the result. 


P _ 

«i = 


□ 
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Lemma 2.9. For each i = 1,..., r p , there exists Bi G Z[£], such that 




— V*2rrii+l 5 

(18) 


Z[C] = bf, 

Ci 

B i _ 1 




Proof. 




i=l,...,r„, 


2mi+l 


Fix, without loss of generality, the index i, 1 < i < r p , in this proof. We have 
BiL[Q + 7r = Z[£]. Let C(C) = From the definition of C(£) we see that the 
valuation v n (C{Q) = 0. We can write C(C) in the form 

C(C) = = = Cq + Cl X f + • • • + Cp—2 x 2 , 


(19) 


5,- 


Q G Q, Vp(ci) > 0. 

Observe at first that, from the definitions, (7(C) = 1 mod n. 


Let X be an indeterminate and m G {0,1}. Let us denote C(X, m) = c * x 

iu rn 

We have C((, 0) = Ya= o c i x C and C((, 1) = YX= o c * x C m = 0)). We 

have proved in lemma |2.8| p.f27[ that 

( 20 ) 


C(C,1) = ff(C7(C,0)) = C(C,0)^ mod 7TP+ 1 . 


Let us denote the derivative on X for X = Q. Using exactly the same 

technics of derivation on the indeterminate X that in subsection |8.3| p.|sT| and 
foundation theorem |9J] p.^, we get 

(21) C'{ C, 1) = n x C\ C, 0) x <7(C, O)^ 1 mod tt^ 2 . 

We have C(X. 1) = J2f=o c * x and so C'(X, 1) = Y%=i Ci x i x u x X lu ~ 1 . 

We have <7(A',0) = ^=0 x and s0 C"(X,0) = Ef=i c * x * x * i_1 - We 
have C7(C,0) = 1 mod 7r. Thus we obtain 


u x 


p —2 p—2 

1\ _ 


(^ c t x ix Q lu x ) = n x (^ axixC X ) mod 7 r. 

i =1 z=l 

A first congruence is (u — fi) x (Ep=i 2 QXi) = 0 mod 7 r. We have seen in lemma 
2.7 p.26 that u / /i, so 

P-2 

C 7 (l, 0 ) = ^ Cj x i = 0 mod p. 

Z— 1 


( 22 ) 




• Let us define Ci(X,m ) = C'(X,m ) x X. We have, multiplying relation ( |2l| ) 

pH by C 

Ci(C,l) = // X Ci(C,0) x C^O)^ 1 mod 7T p - 2 . 

With a derivation on X for the value X = £, we get 

<7((C,1) = M X Ci(C,0) x C(C,0) /i “ 1 

+ |ix(/i-l)x Ci(C,0) x C((,0y i ~ 2 x C"(C,0) mod 7r p “ 3 . 

Therefore 

Ci(l> 1) = A 4 x (7((1,0) x (7(1,0)^ -1 
+ /ix(fj-l)x Ci(l, 0) x (7(1, O)^ -2 x (7 7 (1, 0) mod p. 

We have C\ (X, 1) =ux CiXix X lu ) and so C\ (X, 1) = u 2 x c * x 

i 2 x X^- 1 ). We have <7i(X,0) = (£?=la x i x X 4 ), and so <7((X,1) = 
(X)i=i CiX i 2 x X* -1 ). We have seen that (7(1,0) = 1 mod p. We have proved 
in relation (|2^) p.p8| that <7i(l,0) = C"(1,0) = 0 mod p. Gathering these 
results, we obtain 


p—2 p—2 

it 2 x Q x i 2 ) = n x Cj x i 2 ) mod p, 
2—1 2 — 1 


which leads to 


p-2 

(it 2 — p) x Cj x i 2 ) = 0 mod p. 
2—1 


We have seen in lemma 2.8 p. 27 that p = ri 2m _|_i so that it 2 


p / 0, therefore 


P—2 

(24) ^ Cj x i 2 = 0 mod p. 

2—1 


• Pursuing this induction, let us define 

C k (X, 1) = C[._ 1 (X, 1) x X, fc = 2,... ,p - 2, 
C*fe(X, 0) = C'(,_ 1 (X, 0) x X, k = 2,... ,p — 2. 

For fc = 2 we get, multiplying by £ the relation (^) pH, 

c 2 (c,i) = pxC 2 (c,o)xG(c,or- 1 
+ p x (p — 1) x (7i(C, 0) 2 x (7(C, O)^” 2 mod 7r p ~ 3 . 
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As an other example, we have for k = 3, 

d 3 (C,i) = ^ 3 (C,o)C(c,or- 1 

+ 3- l)C 2 (C, 0)C' 1 (C, 0)C(C, 0)^- 2 + nifi - l)(/i - 2)Ci(C, 0) 3 C(C, or 3 . 

Pursuing, we have for /c > 1 relations of general form, 

(26) 

c k (c,i) = fixC k (c,o)xC(c,or~ 1 

+ ^ 7 / X C(C, 0)“ x C h (C, 0) Q1 X---xC lu (C, or mod 
i 

'll G Q(c), > 0, Zi,. N-{0}, Zi«i 4- \-l u a v = k , z/ > 1. 

By induction for A; < 2 m + 1, we have Cy(£, 0) = 0 mod 7r, l = 1,..., k, and 
(7/(1, 0) = 0 mod p. I = 1,... ,k: this results of the induction formula 

V - 2 

(u k - p) X Cfc(l, 0) = (u k - p) x (^2 Ci X i k ) = 

i= 1 

^ 7 / x (7^(1, 0) ai x • • • x C/„(l> 0)“" = 0 mod p, v > 1, Ziai + • • • + = k. 

i 

• Pursuing for all k < 2m + 1, we see that u k — p / 0 and so 

p-2 

Cfc(l,0) = ^ Cj x = 0 mod p. 

i= 1 

Therefore 

C k (l, 0) = 0 mod p, k = 1,... , 2m. 

Similarly to relation (^) p.|93] in foundation theorem reciprocal proof, we de¬ 
duce 

C^(1,0) = 0 mod p, k = 1,..., 2m, 

observing that C' kl (X, 0) x X = C k (X, 0) and noting C^ k \X, 0) for the fc-eme 
derivate on X of C (A, 0). We deduce from Taylor formula, with A = £ — 1, 
that 

\2m 

<7(C, 0) = (7(1,0) + A x <7'(1,0) + • • • + x C (2m ) (1,0) mod n 2m+1 

(2mj! 

which gives 

C((, 0) = 1 mod 7r 2m+1 , 
which is the relation (|l^) p.^. 
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• Observe that the process stops at k = 2m, because we have « 2 m+i — p = 0 and 
we can say nothing on C 2 m +i(l, 0 ) in this way. 


□ 


Remarks: 


1. The previous proof allows to say more: else 7r 2m+1 ||C'(C, 0) — 1 and C((, 0) is 
not singular primary else C(C, 0) = 1 mod ir p and C((, 0) is singular primary: if 
C < 2 m+i(l, 0) = 0 mod p then relation (26) p. |30| shows that C2 m +2(1, 0) = • • • = 
C' 2 ( 2 m+i) (1, 0) = 0 mod p and so on; then C\(l, 0) = • • • = 2 ( 1 , 0) = 0 mod p 

and so C(£,0) = 1 mod 7r p_1 . We derive that C((, 0) = 1 mod ir p from the 
complementary property that C((, 1) — pC(Q, 0) = 0 mod vr p+1 : we have seen 
that C((,0) = 1 + pV, V € Q(C), v.„-(V) > 0; then (7(^,1) = 1 + pa(V) 

and C p = 1 + ppV mod 7 r p ; C((, 1) — C((,0) p = p(a(V) — pV) mod n p , so 
<r(V) — pV = 0 mod 7 r, also (1 — p)V = 0 mod ir, and finally V = 0 mod n. 


2. In previous lemma 2.9 p. ESJ we have seen that 


C((, 0) = 1 + mod vr 2m+2 , 


where Ci(l,0) = ••• = C f 2 m (l, 0 ) = 0 mod p implies that C , 2 m +i(l, 0 ) = 
C( 2m +i)(l,0) mod 7 r p_1 . The choice of the determination ideal bj, <r(bj) ~ 
b^ 1 among the p — 1 not principal classes of < C7(bj) > is arbitrary and if 
C(C, 0) is not singular primary, equivalent to C- 2 m +i (1- 0) ^ 0 mod p, it is al¬ 
ways possible to choose the determination bj such that C , 2 m +i(l, 0) = 1 mod p, 
determination chosen in the sequel. 


Theorem 2.10. *** Let C = C ... C^ m with on € F*, i = 1,..., m. Then C is 
singular primary if and only if all the Ci, i = 1,..., m, are all singular primary. 


Proof. 


If Ci, i = 1,..., m, are all singular primary, then C is clearly singular primary. 


Suppose that Ci, i = 1,... ,1, are not singular primary and that Ci, 
l + 1,... ,m, are singular primary. Then, from lemma 12.91 p 


1 = 


28 and remark 


following it, TT 2mi+1 \\Ci — 1, i = 1,... ,1, where we suppose, without loss of 
generality, that 1 < 2rri\ + 1 < • • • < 2 mi + 1. Then 7r 2mi+1 ||C' — 1 and so C is 
not singular primary. 


□ 
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Lemma 2.11. Let C((f) defined in relation © p. If C(C) is not singular 

primary, then 

C{ C) = 1 + V(p) mod 7r p_1 , p = u 2m+ 1 G Z[(], 

where V(p) mod p depends only on p with 7r 2m+1 || V(p). 

Proof. If C(C) is not singular primary then, from relation (^) p. [l(], C2 m +2(1, 0),..., C p - 2 (1, 0) 
and so C^ 2m+2 ^(1, 0),... , C&~ 2 \ 1, 0) can be derived of C 2m+ \{1, 0) with relations de¬ 
pending only of p , which achieves the proof. □ 

Theorem 2.12. *** Let C\, C 2 defined by relation ( jl^ j p. [^. If pi = p 2 then C\ 
and C 2 are singular primary. 

Proof. Let p\ = p 2 = p = u 2m+ \. From previous lemma 

C 1 = l + V{p)+pW 1 , ITiGQ(C), v n (V (p)) > 2m + 1, v w (Wi) > 0, 

C 2 = 1 + V(p) +pW 2 , W 2 E Q(C), VTr{V(p))>2m+l, v n (W 2 ) > 0. 

Elsewhere, C±,C 2 verify 

cr(C'i) = CIf mod 7r p+1 , 

(t{C 2 ) = C 2 mod 7r p+1 , 


2.11 p. we get 


which leads to 

1 + cr{V(p)) + pa(Wi) = 1 + A(p) + ppW\ mod 7r p+1 , 

1 + a(V(p)) +pa(W 2 ) = 1 + A(p) +ppW 2 mod 7r p+1 , 

where A(p) E Q(C) ? Vn{A{p) > 0 depends only on p. By difference, we get 

p(ff(Wi - W 2 )) = - VF 2 ) mod vr p+1 , 

which implies that 

<r(Wi - W 2 ) = p(Wi - W 2 ) mod tt 2 . 

Let ITi — W 2 = aX + b, a,b E Z, A = C — 1. The previous relation implies that 
6(1 — p) = 0 mod p and so that 6 = 0 mod p. Thus ITi — W 2 = 0 mod 7 r and finally 

C\ = C 2 mod 7 r p and also C\Cf l = 1 mod ir p and C\Cf l is singular primary, which 

shall imply that C\ and C 2 are singular primary and shall achieve the proof: 

1. Ci not singular primary and C 2 singular primary should imply that CiCf 1 is 
not singular primary. 
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2. Ci not singular primary and C\ singular primary should imply that C\C 2 1 is 
not singular primary. 


3. C i not singular primary and Ci not singular primary should imply that C\C 2 
is not singular primary from theorem 2. b] p. 0 


-i 


□ 


Theorem 2.13. *** On structure of p-class group C p . 

Let b i be the ideals defined in relation P- H Let Cl~ = < Cl( bi) >. 

Let Ci = BiZ[(] = bi, C7(bj) € C~, i = 1 ,...,r~, where Bi is defined in 
relation © p. |^. Let r 1 be the degree of the minimal polynomial P r - (a) defined 
in relation & p. With a certain ordering of Ci, i = 1,..., r p , 

1. Ci are singular primary for i = 1 ,r p , and Ci are not singular primary for 

1 r Y'~ l~ IP 

L I p p . 

2. If m = fij then 1 < i < j < r + < r~ and Ci, Cj are singular primary. 


3. If h + = 0 mod p then r p — r+ + 1 < r 1 < 

4■ If h + 0 mod p then rf = r~. 

Proof. 


p ' 


1. It is an application of Hilbert class field theorem |4.3| |56| which is a forward 
independant reference : there are r p singular primary Ci with C7(bj) G C~. 

2. lemma [2.12 p. ^ 

3. Reformulation of previous items, observing that if r p > 0 then pi, i = 
1,..., r+ take at least one value p and at most different values p. 

4. If h + ^ 0 mod p there are no Ci singular primary. 

□ 


Lemma 2.14. Let, for i = 1 ,...,r p , the ideals bj with C7(bj) G C p defined in 
relation ( \l4\) p. j2^. Let Ci = ==, Bi G Z[£], i = 1 ,...,r~, defined in relation 


( \fjfy p. There exists Bip = rji G Z[£ + ( 1 ]*, such that 


(27) 


hi — U2mi+1) i — 1) • • • Cp j 

= B?\ x a\, a.i G Q(C), 
R i , 1 Z[C]=bf, Bi.rGZlC], 
RP” 1 = 1 mod n 2mi+1 . 
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Proof. We have CiZ[(\ = h p where the ideal b* verifies cr(bj) ~ Wfi and C7(b,) G C“. 
Let us note C,B,p, for to simplify notations. From relation (JlTI) p. |27| and 

from Cl( bj) G C~, we can choose B such that 

C = |, Be Z[C], 

JD 

BB = JjX 7 p , ^GZ[C + C -1 ]*, 7^Q(C), ^( 7 ) = !), 

a(B) = B p x a p x £, fJ, = u 2m +i, « G Q(C)> ^(a) = 0 , £ G Z[C + C _1 ]*- 


We derive that 

= (BB) 11 x (aa) p x e 2 , 

and so 

( 7 ( 7 ) = x e 2 x ef, ei G Z[( + Cp 1 ]*. 

We have seen that 

cr(i? 2 ) = B 2p x a 2p x £ 2 , 

and so 


a{B 2 ) = B 2p x a 2p x (a(r 1 )r ] -> 1 £f p ) 

which leads to 

2 2 

0 -(—) = (—) p x a 2 € Q(C), v n (a 2 ) = 0. 
r] rj 

Let us note B\ = B\ G Z(£), ^(IL) = 0. We get 
(28) x a£. 


This relation (25) is similar to hypothesis of lemma p. 28 which leads to B\ = 
d p mod 7 r 2m+1 , d\ fk 0 mod p: Therefore B p l = 1 mod ir 2m+1 , which achieves the 
proof. □ 

Lemma 2.15. Let the ideals b*, i = r~ + 1,..., r p , such that Cl(hj) G C p defined 
in relation & p. There exists Bi G Z(£) such that: 


(29) 


— ^2 mii i ^p I? ■ ■ ■ ? 

^(bi) ^ bf, 

AZ[C] = 

^(50 = x of, Qi G Q(C), 
Bi = 1 mod TT 2rrii . 
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Proof. Similarly to relation ( |17| ) p. ^7], there exists Bi with 5jZ[£] = h p such that 

a{Bi) = B Pi Xa p X V , a G Q(C), r,GZ[( + C” 1 ]*- 

From relation (40|) p. [15], independant forward reference in section dealing of unit 
group + C we can write 

N (P—3)/2 _ 

r/=(n^') x ( n i<^< v, 

i=i i=JV+i 

&(vj) = Vj* x 0 P ji e z[c + C _1 r> j = l,...,iV, 

v(vj) = V? X Pj, Vj,Pj e Z[C + C -1 ]*, 3 = N + 1,..., 

p _ ^ 

j = N + 1, - - -, —2—- 

Let us note 

AT (p—3)/2 

e =ik j > * ii "L 

j=l J=7V+1 

Show that there exists 1/ G Z[£ + £ -1 ]* such that cr(IX) x V~ Pi = U x e p , e E 
Z[C + Let us set V = fl^jv+i r fj'■ L suffices that 

pf x //; Pm = r/ L x £ . G Z[C + C” 1 ]*, j = N + 1,..., 

It suffices that 

A j . p — 3 

Pi =-- —mod p, j =N + 1,. 

Vj ~ Hi 2 

which is possible, because Vj ^ Hit j = IV + 1,..., LLI. Therefore, for B{ = BiXV, 
we get simultaneously 

u(i?') = (3') w xofxF, a* G Q(C), 
a(E) = E Pi xe p , eiGZ[C + C _1 ]L 

If E G (Z[C + <t=> Xj = 0, j = 1,..., N, then we get 

(30) a(B') = {BT x {a'J. 

If E 0 (Z[£ + C _1 ]*)p then by conjugation, 

a{B[) = {B'y xa p xE , a* G Q(C), 
a 2 (5')=a(S'f x£«x6f, 6 t GQ((), 
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and so 

which leads to 
Elsewhere ( B' i ) aP 1-1 


<? x = a\B’)a(B’)-^, c G Q(C) 


=(?, cgQ(C). 

= 1, so 

= = qP, ai € Q(C), 

and so cr(B'f) = (B'fi^ x a?. The end of proof is similar to proof of previous lemma 


2.14 p. 


□ 


The next important theorem summarize the two previous lemmas and give explicit 
congruences mod p connected to p-class group of Q(£). 


Theorem 2.16. *** ir-adic structure of p-class group C p 

Let the ideals bj, i = 1,... ,r p , such that Cllfaf) G C p and defined by relation 
(0) p. f2tj. Then, there exists Bi G Z(£), i = 1,... ,r p , such that 


(31) 


fli — Urrii j ^ — 1, . . . , Tp, 

*(bi) ^ bf, 

SiZ[C] = bf, 

o' {Bi) = B^ X of, € 
B t = 1 mod 7r mi . 


Moreover, among them: 

1. the r p algebraic integers Bi, 


i = 1, 


, r + ; corresponding to bj G C v and 


Ci = =- singular primary, verify B, = 1 mod 7r p . 

2. the r p — r+ of/ier algebraic integers Bi, i = r+ + 1,... ,r p verify ir mi || (Bi — 1). 
Proof. Apply lemmas 2.14 p. 33 and 2.15 p. 34 and theorem 2. 13| p. 33. 


□ 


2.4.6 The case p = u 2m +i , 2m + 1 > 


In the next lemma we shall investigate more deeply the consequences of the congru¬ 
ence C = 1 mod 7r 2m+1 of lemma 2T p. ^ when 2m + 1 > 

Lemma 2.17. Let C with p = u 2m +i, 2 m + 1 > 

C = 1 + 7 + 7oC + 7iC“ + ''' + l P -zC p ~\ 

7 G Q, Up(y) > 0, 7 * G Q, v p ( 7 *) > 0, i = 0, ...,p-3, 


7 + 7oC + 7iC“ 4-4 7 p _ 3 C np_3 = 0 mod 7r 2m+1 , 2m + 1 > 


P- 1 
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Then C verifies the congruences 

— 7p—3 , 

7 =- mod, p, 

p-l 

7 0 = -^ _1 x 7 P -3 mod p, 

71 = + /-i” 1 ) x 7p—3 mod p, 


7 P —4 = -(m (p 3) H-h M X ) x 7p— 3 mod p. 


Proof. We have seen in lemma p. 
we derive that 

C+ = 1 + p x (7 + 70 C + 7 iC H- 1 - lp-zC p ~ 3 ) m od 7 r p_1 . 

Elsewhere, we get by conjugation 


27 that cr(C') = C p mod ir p+l . From 2m + 1 > 


(32) a(C) = 1 + 7 + 70 C + 7i O 2 + • • • + 7 P - 3 C Up " 2 ■ 

We have the identity 


7 P -3C np_2 = 7p—3 - 7 P -3C-7p-3C P “ 3 - 


This leads to 


cr(C') = 1 + 7 - 7 p _ 3 - 7 p_ 3 C + (70 - 7p-3)C H-h (7p-4 - 7p-3)C“ p 3 - 

Therefore, from the congruence a(C) = C+ mod 7r p+1 we get the congruences in the 
basis l,C,CV--,O p - 3 , 

1 + ^7 =1+7“ 7p-3 mod p, 
h'Jo = 7p—3 mod p , 

M7i = 7o - 7p-3 mod p, 
h 72 = 71 - 7p-3 mod p, 


P7p_ 4 = 7p—5 - 7p—3 mod p, 

P7 p _3 = 7p—4 “ 7p—3 mod p. 

From these congruences, we get 7 = — ^£y mod p and 70 = —p _1 7 p _3 mod p and 
then 71 = 1 (70 - 7 p_ 3 ) = // -1 (-Ai -1 7 P -3 ~ 7p-3) = + /-t _ 1 )7p-3 mod p and 

72 = p _ 1 (7i-7p- 3) = p _ 1 (-(/ i_ 2 ++ _ 1 )7p-3-7p-3) = -(p _ 3 +p _ 2 +p _ 1 )7p-3 
and so on. 
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The next theorem gives an explicit important formulation of C when 2m+l > 


p- 1 
2 • 


Theorem 2.18. 

defined in lemma 




Let p = U 2 m,+ 1 ; p — 2 > 2m + 1 > corresponding to C 
p. 28, so a (C) = C p mod 7r p+1 . Then C verifies the formula: 


(33) 


C = 1 - x (C + /i _1 C + ■ ■ ■ + ^-(p- 2 )c^- 2 ) mod irP- 1 . 
P 1 


Proof. From definition of C, setting C = 1 + V, we get : 


<7 = 1 + 1/, 

^ = 7 + 7oC + 7iC“ + ''' + 7 P -3C p - 3 , 
<r(V) = p xV mod 7r p+1 . 


Then, from lemma 2. Up- 


we obtain the relations 


P — «2m+lj 

7p—3 i 

7 =--— mod p, 

1 

70 = -/U _1 x 7 p_ 3 mod p, 

7 1 = ~(+~ 2 + + _1 ) x 7p—3 mod p, 


7 P -4 = -(+ (p 3) H- P X ) x 7 p-3 mod p, 

7 P -3 = -(+ _(p_2) H- b fT 1 ) x 7 p_ 3 mod p. 

From these relations we get 

V = —7p—3 X (^T + + _1 c + (+ -2 + + _1 )C“ + • • • + {p- (p ~ 2) + • • ■ + p- 1 )C p - 3 ) mod p. 


Then 


p-1 


1 


V = -7p-3 x (-=- + p~ l (( + (+ _i + 1)C“ + ' • • + ( P~ {p ~ 3) + ■■■ + 1)C P “ 3 )) mod p. 

/i 1 

Then 

T . , l - i)C + (p~ 2 - i)C“ H-b (^ _(p_2) - i)C p - 3 

v = -7p- 3 x(^— -+p ---—- _ 1 - —- - - )) mod p. 

Then 

i _ 1 ^-iC + At- 2 C u + --- + /4-( p - 2) C Up -3-C-C-C p - 3 ^ ^ 

y = —7 p -3 x (--++ -—---) rnodp. 

p — 1 P ~ 1 
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Then 


V = -7p-3><( 
Then 


1 

/x- i 


, 1 + /i _1 C + ^“ 2 C + ■ ■ ■ + /x-(p- 2 )C“p- 3 + ju-Cp-iJ^p-a 

+/* (-zt—}- 

/x 1 - 1 


)) mod p. 


V = - 7p _ 3 x(^-)x(1-(1+ / x“ 1 C + / u~ 2 C“+- • ■+/x-^- 2 )C p - 3 +^“ (p " 1) C Up - 2 )) m °d p. 
[1 1 

Then 

F = - 7p _3 x X (C + /x- 1 ^ + • • • + li-to-QC*- 3 + ^x-(P-2)C Up - 2 ) mod p. 

/X 1 


□ 


2.4.7 On the prime factors of the class number h of Q(£). 

In this subsection, we shall explicit some congruences on prime factors of class number 
h of Q(C), with a comparison with results given in Masley [^2| corollary 3.5 p 287 
and in Washington [f58| , theorem 10.8 p 187. The knowledge of prime factors of h can 
also be seen as a tool for FLT first case, in giving a criterion for a prime factor of h 
to be different of p. 

• Let C p be the p-class group of Q(C) and be the subgroup of C p whose 
elements are of order 1 or p. 

• Let p-l=2 m xn where n is odd. 

• Let K be the intermediate field Q C K C Q(C)> [K '■ Q] = n. Let Bk be the 
ring of integers of the field K. 

• Let 0 : K —> K be a Q-isomorphism. 

• Let hx be the class number of K, with classically h = 0 mod hx- 

• Let us denote q a prime odd divisor of hx- 

• Let F q be the finite field of cardinal q. 

• When p — 1^0 mod q, we can translate, mutatis mutandis, our description of 
p-class group C p of Q(C) seen as F p [G] module, where G is the Galois group 
of Q(C)/Q, to the description of (/-class group C^ with rank r q of the held I\, 
with (cyclic) Galois group Gx C G, seen as a F q [Gx\ module. 
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• Let q be a prime with p — 1^0 mod q. There exists an ideal c of K such that 


c efi B k , c q ~ B k , 

C~ Cl ...C rq , 

Cl efi B k . c q ~ B k , ~ i = 1, • ■ ■, r 9 . 

There exists a minimal polynomial 77^(17), n < r 5 , of the indeterminate V 
such that 


r i 


C r ! ^ — Bk, P ri (V) — | V Mi)) Mi £ Fqj *1 7 ^ *2 ^ Mil 7 ^ Mi 2 ‘ 


i=l 


Theorem 2.19. *** 

Let p — 1 = 2 m x n with n odd. Let K be the field Q C K C Q(£), [77 : Q] = n. 

Let hx be the class number of the field K. Let q > 2 be a prime divisor of hx not 
dividing p — 1 . Then Gcd(n, q — 1) 7 ^ 1. 

Proof. From ~ Bk for the ideal ci of K, we get 0(ci) ~ cf 1 , so 

n k / q ( c i ) = Cl x 6»(ci) x ••• x 6» n_1 (ci) ~ cJ +Ml+ "' +Ml ~ b Ki 

We have /xi 7 ^ 1 : if not 1 + Mi + ''' + Mi ” 1 = n = 0 mod q, contradicting the 
hypothesis p — 1 ^ 0 mod q. Therefore we have simultaneously the two congruences: 

Mi - 1 _ n , 

-= 0 mod q, 

Mi - 1 


-= 0 mod q, 

Mi - 1 

which implies that Gcd(n,q — 1 ) 7 ^ 1 and achieves the proof. □ 

We give an application example for the primes q dividing the relative class number h~. 
We use the table of relative class numbers in Washington | 6 ^] p 413. Let p = 239, 
with B-k = 69 . Then p — 1 = 2x7x17. For the prime divisors q of h~ with 
p — 1^0 mod q: 

• q- 1 = 511122 Gcd(^,q- 1) = 17. 

• q - 1 = 14136486 =>• Gcd(^-,q - 1) = 7 X 17. 

• q - 1 = 123373184788 => Gcd(^,q - 1) = 7 x 17. 
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• q- 1 = 22497399987891136953078 => Gcd(^-,q - 1) = 7 x 17. 

Corollary 2.20. *** Let p be an odd prime. Let g be an odd prime divisor of p — 1. 
Let L be the (cyclic) intermediate field Q C L C Q(C)> [L '■ Q] = 9- Let q be a 
prime divisor of the class number Ll of the field L. If q g then q = 1 mod g. 

Proof. Let B be the ring of integers of L. Let 9 : L —> L be a Q-isomorphism of 
L. There exists an ideal c of L such that c q ~ B, c 9 k B, c e ~ 9 ~ B for some 
9 e { 91 , ■■ -,9r q }- We get 

N l /q(c) = c l+e +- +e9 ~ 1 ~ c ^+n+-+n 9 - 1 ~ 

If 9 = 1 then c 9 ~ B and q\g so q = g, contradicting hypothesis. If 9 1 then 

g 9 — 1 = 0 mod q, so q = 1 mod g. □ 

Remark: In this particular situation, our result improves Masley [^] corollary 
3.5 p 287 and Washington | 68 |] theorem 10.8 p 188, results which assert only that if 
q g then ql = 1 mod g, where / > 1 is a divisor of the g-rank of the g-class group 
of L. We assert more : in this particular case: q = 1 mod g. 


2.4.8 An explicit formula for the relative class number h of Q(C) 

In this paragraph, we give an explicit formula very straightforward for the relative 
class number h~ of the cyclotomic number field Q(£). Recall the usual notation, for 
a 6 M + , then [a] G N is the integer part of a and for b G M and | 6 | is the absolute 
value of b. 


Theorem 2.21. *** An explicit formula for the relative class number h~ of 

Let p be an odd prime. Let Q(C) be the p-cyclotomic number field. Let h~ be 
the relative class number of Q(C)- Let u be a primitive root mod p. Let m = 
u l mod p, 1 < Ui < p — 1, i = 1,... ,p — 1. Let 5 a ,i, a = 1,..., i = 

1 ,..., given by the relation 


(a + l)xui a x Ui (a + 1 ) x (p - uf) a x (p - u») 

<W = (l ---J - l— — J) - (l- - -J - l- - -D- 


p 


p 


p 


Then S a ,i E N, <5 a ,i E 

{- 1 , 1 }- 

Let A be the determinant with 

columns given by: 

^,1 

^1,2 

• S l,(p-l)/2 

A = 

d 2,1 

<$2,2 

■ ^2,(p-l)/2) 


S (p- 1)/2,1 

^(p-l)/2,2 ■ 

• <5(p-l)/2,(p-l)/2 


v -1 


P-1 

2 
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Then h is explicitly given by the relation 

(34) h~ = 2(P“ 3 )/ 2 x |A|. 

Proof. At the moment, we have no proof, but a numerical evidence, easily verified 
with a MAPLE program. For instance, for the regular prime p = 97 we find h~ = 
577 x 3457 x 206209 in accordance with Washington []68| p 413, for the regular prime 
p = 30 we find h~ = 3 2 in accordance with Washington, for the irregular prime 
p = 157, we find h~ = 5 x 13 2 x 157 2 x 1093 x 1873 x 418861 x 3148601 and for the 
irregular prime 37 we find h~ = 37, always in accordance with Washington. □ 

Remarks : 


• In comparison, the Maillet determinant M p formula is given by 


M p = |(ix (j 1 mod p) mod p|jj=i,...,(p-i)/ 2 , 

hr = p -(p-3)/2 x 


see for instance Ribenboim [39] formula (6.2) p 132 or Lang [26] theorem 7.1 p 
92. Our formula has the interest, compared to Maillet determinant: 


— It does not contain extraneous p power factor. 

— The term 5ij G {—1,1} is simpler than the term a- t j = (ix (j^ 1 mod p)) mod p , 1 < 

aij <P~ 1- 


For a formula for the relative class number h without extraneous p-power, see 
also Lehmer [29] theorem 4 p 604, derived of a result of Carlitz-Olson. 


• For a determinant formula without extraneous p-power see also the simplest 
form of Masley |l2| theorem 1.2 p 275 


h = |[i * j/p\ - [(i - 1) * j/p\ | jj=3,4,...(p—1)/2) P> 5. 


Observe that if the p-rank of the matrix (5 a ,i) a =i,...,(p_i)/ 2 , i=i,...,(p-i)/ 2 j is 

greater than 2^1 — yjp + 1, then first case of FLT holds for p. 

The proof of this result could be in relation with results on singular integers 
from Inkeri and Fueter explained in subsection 14.3.4 p. 155 of this monograph. 
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3 On structure of the unit group F = Z[ C + 

C _ 1 ]*/(Z[C + C _1 ]T 


Let us consider the results obtained in subsection 2.4.5 p.pq for the action of Gal( Q(C)/Q) 


on C p . In the present subsection, we assert that this approach can be partially trans¬ 
lated mutatis mutandis to the study of the group 




This section contains: 

1 . a subsection where the 7 r-adic congruences obtained for p-class group C p are 
generalized to unit group F = Z[£ + £ _ 1 ]*/(Z[i£ + C -1 ]*) p . 

2. a subsection linking our results with results on cyclotomic units in Washington 

3. a subsection with definition and study of structure of singular group. 



3.1 On structure of unit group f = z[c + CFKAC + 

CTF 

• When h~ = 0 mod p, from Hilbert class field theory, there exists primary units 
r) 6 Z[£ + C -1 ]*) so such that 


(35) 


77 = d p mod p, d £ Z, djk 0, 
o ( 77 ) = 77 ^ x e p , eeZ^ + ij' 1 ]*, 


see the independant forward reference on Hilbert class field, section |j| p. pi 
The group Z[£ + C -1 ]* is a free group of rank 2 ^. For all 77 £ Z[£ + C _1 ]* 
g x x • • • x = ±1. 


Therefore, for each unit 77 £ Z[£ + £ 1 ]*, there exists a minimal r v £ N, r v < 
such that 


77 x a(rj ) 11 x ■ ■ ■ X (T rr > (r]) lrr i = £ p , EG Z[£ + £ 1 ]*, 
0 <k<p 1 , i — 1 , • • •, J-jj, lr v 7^ 0 . 


• Let us define an equivalence on units of Z[C + C 1 ]* : 77 , 77 ' £ Z[£ + £ -1 ]* are 
said equivalent if there exists e £ Z[£ + C -1 ]* such that r( = 77 x e p . Let us 
denote E(r]) the equivalence class of 77 . 
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• We have E(rj a x pf) = E(p a ) x -E(%); the set of class E(rj) is a group. The 
group < E(rj) > generated by 27(r ]) is cyclic of order p. 

• Observe that this equivalence is consistent with conjugation E(a(p)) = <7 (27 (?/)). 

• The group F = Z[( + ( _ 1 ]*/(Z[( + ( _1 ]*) p so defined is a group of rank EE^ 
see for instance Ribenboim |39]] p 184 line 14. 

• Similarly to relation (|Tl|) p.[2^, there exists p G Z[( + C -1 ]* such that 

E (v) = E (vi) X • • • X E(p {p _ 3)/2 ), 

^ E(<r(rk)) = EiVi'), * = 1 ,■■ ■, 

N, 1 < m < p - 1, 

F =< E{rji) >©•••©< E(p {p _ 3)/2 ) >, 

where T 1 is seen as a F p [G]-module of dimension EE . 

• For each unit 77 , there is a minimal polynomial P r {V) = nJ=i(^ — A 4 *) where 
r,, < 2 ^. such that 

(3g) E(r,) p ^) = E ( 1), 

l^z<j G/ =>■ h j 7I fij. 

• Let f3 G Z[C+C 1 ]*- Observe that if 27(/3) = E(a{(3)) then E(a 2 (/3)) = E((3) and 
so 27(1) = E(f3 p ^ 1 ) and E(/3 ) = 1, that’s why 1 < Hi < p — 1, i = 1,..., 2^71, 
in relation (|^7]) p. [44|. 

• Recall that the unit (3 G Z[C+C -1 ]* is said primary if (3 = IP mod 7 r p+1 , 6 G Z. 

Lemma 3.1. Let (3 G Z[( + ( _1 ]* — (Z[£ + ( _1 ]*) p . Then the minimal polynomial 
P r p(y) is of the form 

p rp{y) =\\{V- u 2 mi), 1 rg > 0 . 

2=1 

Proof. There exists pi G Z[£ + C -1 ]*, £ 7 ( 771 ) 7 ^ 27( 1), with E(piY~ Pl = 27(1). 

Suppose that '^ 2 = —1 and search for a contradiction: we have E(piY~ pi = 
27(1), therefore 27 (t/ 1 )' j(p 1j/2 -/4 p 17 = 27(1); but, from pi G Z[( + C^ 1 ]*, we get 
pf (v 1]/ ~ = pi and so E{pi) l ~^ ^ = 27(1), or E(p\) 2 = 27(1), so E(pi) 2 is of rank 
null and therefore 27 (771 ) = E(pfY P+1 ^ 2 is also of rank null, contradiction. The same 
for Hi, z = □ 
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The results on structure of relative p-class group C v of subsection 2.4.5 p. 26 can be 


translated to some results on structure of the group F : from pf 1 = 1 mod ir and 
from < E(pf~ ) >=< E(r]i ) >, we can always, without loss of generality, choose the 
determination pi such that p t = 1 mod it. We have proved that 


(39) 


Pi = 1 mod 7r, 
cr(pi) = rji* mod 7r p+1 . 


Then, starting of this relation (|39|) , similarly to lemma |2.9| p. 28 we get: 


Theorem 3.2. *** On structure of unit group F = Z[f + £ _1 ]*/(Z[£ + 

There exists a fundamental system of units ry, i = 1,...,2^ ; of the group 
F = Z[( + Q~ 1 }*/(Z [£ + verifying the relations: 


(40) 


ruezic + c 1 ]*, 


* = !,■■■ 


p — 3 


°(Vi) = Vi' x £ P i, F 


G ZlC + C 1 }* 


v' 


i = 1, 


Vi = 1 ^ 2mi , hi = M2m,, 
u{rn) = r/f 1 mod i r p+1 , i = 1, 


* = !,••• 

P-3 

‘ ’ 2 ' 


p — 3 
2 


P-3 

2 


At this point, we are in the situation to apply the same 7r-adic theory to group of 
units F = Z[C, + C -1 ]*/(Z1[C + £ -1 ]*)p than to relative p-class group C~ in subsection 


Similarly to decomposition of components of Cp in singular primary and singular 
not primary components, the rank FFi Q f F has two components p± and 2^ — p\ 
where p\ corresponds to the maximal number of independant units r)i primary and 
P 2 = — pi to the units pi not primary. The unit indexation in the sequel of this 

subsection is : 



1. primary units pi for i = 1 ,..., pi, 

2. not primary units pi for i = pi + 1 ,..., 

Remarks: 


• Similarly to results obtained for group C p , 

— else iT 2ri '\\pi — 1 and pi is not singular primary 

— else pi = 1 mod n p and p t is singular primary. We say more in that case: 
similarly to Denes result see i a i and Ribenboim [^] (8D) p. 192, 

(41) Tr 2mi+a{p -V\\pi -1, a G N — {0}. 
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• The units rjj, j = 1,... ,p — 1, verify similarly the relation ( flO|) p. |45|. We 
chose the determination of rji such that C , 2 , n (l, 0 ) = 1 mod p: see for the 
definition of C2 m (l,0) and the detail of similar discussion for C p in second 
remark following lemma |2.9| p. 


The next lemma for the unit group Z[£ + ( 1 ]* is the translation of similar lemma 


2.11 p. 32 for the relative p-class group C 


Lemma 3.3. Let rji, i = l,...,^^, defined in relation M> p. |7|. If rji is not 
primary then 


Pi = l + VfiHi) mod 7 T P 1 , pi = U2mi Vfipi) E Z[C], 


where Vfipf) mod p depends only on pt. 


The next lemma for the unit group Z[£ + £ 1 ]* is the translation of similar lemma 


2.12 p. 32 for the relative p-class group C 


Lemma 3.4. *** Let 771,772 defined by relation & p. If pi = P 2 then 771 and 
r )2 are primary. 


The group F = Z[£ + £ _1 ]*/(Z[£ + C _1 ]*) p is the direct sum F = F\ 0 F 2 of the 
subgroup F\ with p\ primary units (p-rank p\ of F\ ) and of the subgroup F 2 with 
P 2 = — p\ fundamental not primary units (p-rank P 2 of F 2 ). Observe that pi can 

be seen also as the maximal number of independant primary units in F. 


Theorem 3.5. *** On structure of unit group F = Z[£ + C _1 ]*/(Z [( + £ _1 ]*) p Let 
rfi be the relative p-class group of Q((). Let be the p-class group o/Q(C + C -1 )- 
Let pi be the number of independant primary units of F. Then 


(42) 


Pi = 


Proof. We apply Hilbert class field structure theorems 5 A p. 35 and p.5| p. 66: 
There are r p independant unramified cyclic extensions 


Qic^mc), wf € z[c+r 1 ] - z[c+cT * = i,. 

and r p — r p = r~ independant unramified cyclic extensions 


r 1 
5 ' p 


Q(C ,Wi)/Q(C), a;fEZ[C + C 


-li* 


* = r i + ,r p . 


□ 
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3.2 The case fi = U 2 m, 2 m > 


p -1 


In the next theorem we shall investigate more deeply the consequences of the con¬ 
gruence r]i = 1 mod 7r 2mi when 2 rrii > . We give an explicit congruence formula 

in that case. The next theorem for the unit group Z[£ + £ -1 ]* is the translation of 


similar theorem 2.18 p. 38 for the relative p-class group C 


Theorem 3.6. *** Let m = U 2 mi , 
Z[£ + £ -1 ]* defined in relation (fi) p. 
the explicit formula: 


p — 3 > 2 rrii > ^r, corresponding to rp G 
] ; so a(r]i) = rfff 1 mod 7r p+1 . Then rji verifies 


(43) r h = l-^-x(C + T~ 1 C + ---+T~ ip ~ 2) C p - 2 ) modnP- 1 , V3 eZ. 
h - 1 


3.3 Connection with set of units of Washington 

In paragraph 8.3 of |68|], Washington defines p. 155 and studies the units 


E 2i =def I1(C (1 - U)/2 

a= 1 


i-C u 

i-C 




i = 1, 


p — 3 
2 


where r a is the Q-isomorphism of Q(£), r a : £ —> £ a . For a = 1,... ,p — 1, let 
j defined by U-j = a with 0 < j < p — 2. Then a 2 * = U- 2 ij = u J _ 2i mod p and 
T a '■ £ —>■ £“ _J verifies r a = and t~ [ = E. Therefore 

E'n = n(£ (1 -“ )/2 x mod (Z[£ + £ -1 ]*) p , 

i=0 ^ 

so 

E 2l = (C {1 ~ u)/2 X Iz^)££oW m mod (Z[£ + £“Y) p , 

also 

E u 2 7 u - 2i = (£( 1 -“)/ 2 x mo d (Z[£ + £ _1 ]*) p , 

and finally 

(44) a(E 2i ) = E^~ 2i x £ p, e G Z[£ + C 1 ]*. 

Recall that is the rank of the p-class group C+ of Q(£ + £ _1 ). 
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Theorem 3.7. The units E^i, i = 1,..., defined in Washington p. 155 
and the set F of units ry , i = 1,..., defined in theorem |3J] p. ^ of this 
monograph are connected, with a certain ordering of index i, by: 


E2i = rj f, z = l,...,r+, 

E' 2 i = m, i = r+ + 1 , — , — 2 —’ 


Proof. 

156. 


See relation (44) p.47, theorem 3.2 p. 45 and Wahington 


theorem 8.16 p. 

□ 


Remark: this theorem 3.7, with theorem 3.2 p. 45, allows to give a precise 7r-adic 
description of units E^i defined in Washington. 


3.4 On structure of Singular Group 

The singular numbers 7 G Q(C) are the numbers verifying yZf^] = c p where c is an 
ideal of Q(C)- With this definition, the units of Q(() are singular numbers. The set 
of singular numbers is a multiplicative subgroup of Q(C)- The interest of this group 
is that it includes structure properties of p-class group C p of Q(C) and of unit group 
Z[£ + C -1 ]* in a same structure. Some definitions and results on the groups Z [C+C -1 ]* 
and C* are reminded in this paragraph: 

• Recall that n = (£ — 1)Z[£]. 

• Recall that a G Q(C) coprime with n is said singular if aZ[(] = a p where a is 
an ideal of the field Q((), see for instance Ribenboim |39|] paragraph 4. p 170. 

• The set of singular numbers is a multiplicative group denoted W in this sub¬ 
section. 

• Two singular numbers a, f3 are said here equivalent if a = (3 mod n p . This is 
clearly an equivalence relation. Let us consider the group fl = W mod n p called 
in this subsection the singular group. As an immediate consequence, observe 
that if a, (3 G Q(C) ar e coprime with n and if a is singular then a/3 p is singular 
and a and a(5 p are equivalent. 

• A singular number a is said primary if there exists a G Z such that a = 
a p mod tt p . Therefore a and a p are equivalent. 

• We have defined the group F = Z[( + £ _ 1 ]*/(Z[£ + £ -1 ]*)p with F = iq © F 2 
where F\ has p\ = r~ fundamental primary units 7 *, i = 1,... rfi (p-rank 
of Fi) and F 2 has P 2 = ^-rr- — rfi fundamental not primary units ip, i = 

r -4- 1 ——^ — r~ 
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• Here, recall some definitions dealing of p-class group: 


— Let C p be the p-class group of Q(£), C p be the subgroup of C p whose 
elements are of order 1 or p. 


Let r p be the p-rank of C p , let be the p-rank of C p and r p be the 
relative p-rank of C~. Let us consider the ideals b defined in relation 

(0) pH 


(45) 


b = br x ■ ■ ■ x b r - x b ,_ +1 x • • • x b rp , 

c l p = < ciibi) >, 

bf~Z[£], bj rfi. Z[£], i = l,...,r p , 
cr(bi)~bf, pi G F*, i = 1,... ,r p , 
Cl(bi)eC~, i = 1,... ,r~, 

Ciibi) G C p , i = r~ + 1,..., r p . 


— Let Bi G Z[£], i = 1,... ,r p , with HjZ[£] = b^ defined in theorem 
p. With the conventions for the index i = 1,..., r p , of relation 


2.16 

PD 


* Bi are singular primary integers for i = 1,..., r+, with Cl(bi ) G C p . 
Let Ti be the subgroup of H generated by these Bp, its p-rank is r+. 

* Bi are singular not primary integers for i = r p + 1 with 

Ciibi ) G C". Let r 2 be the subgroup of H generated by these Bi ; 
its p-rank is r~ — 

* Bi are singular not primary for i = r~ + 1,..., r p with C7(bj) G C+. 
Let r 3 be the subgroup of H generated by these Bp its p-rank is r+. 


Theorem 3.8. *** With the previous definitions, the singular group H verifies the 
isomorphism: 


(46) n = u ® f 2 © r 2 © r 3 , 

where U = {i p mod p 2 | i = 1,... ,p — 1}. The p-rank of Q is 

Proof. Let a. G Q(£), coprime with n. We can always write a in the form 

a = Bi x B 2 x B 3 x E x x E 2 x 7 P , 7 G Q(C), 7 Z [C] + ^ = Z[£], 
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where 


(47) 


Bi 

= B" 1 ... 

B? ■■■ 

V + 

B rp 

ij + • 

r p 

b 2 

D% + +‘ 

“ r++l 

■■■B? 

...B 

b 3 

V - „ 

_ ^ r p + 1 

Tp+1 

...BP 

...B\ 


V - 
r P 

V P ’ 
Vr-n 


i = rp +1,... ,r~, 


i = r, 


Ei = rft 
E 2 = 


■Vi 


■ Vpi 1 : 


3 = 1 


P > ■ 


T 

p 


,r p , 


v P\+\ v'j l '(p-3)/2 • — . -i P 3 

2 = V P1 +i ■ • • V/ • • • V(p— 3)/2 > V = r v + 1, ■ ■ -, 


p ' 2 

where 

1 . Bi is a product of r p independant singular primary numbers (not units), 

2 . B 2 is a product of r p — r p independant singular not primary numbers (not 
units), 

3. B 3 is a product of independant singular not primary numbers (not units), 

4. Ei is a product of r p independant singular primary units, 

5. E 2 is a product of — r p independant singular not primary units. 

If B is a singular primary number then B = tP mod n p , 6 G Z, 1 < 6 < p — 1. 
Therefore from previous relations (47) p. 5C, we derive that 


(48) 


a = 

E Qp X B 2 

x B 3 x 

E 2 mod ir p , 


a G 

Z, 1 < 

a < p — 

1, 


b 2 

p> l ' r p + 1 

“ r++l 

...Bf . 

i - 

: 1 

' p 1 -*-5 * ' 

b 3 

^ „ 
_ g r P + 1 

Tp+1 


• » = 

r“ + 1,.. 

e 2 

Vpi+l 

= <+i • 

v 'i 

••V" 

^(p-3)/2 . 

• %-3)/2 ’ 3 

= r p + !. 


,r p , 


P~ 3 


The set of integers a p generate the cyclic group U = {i p mod p 2 \ i = 1,... ,p — 1} 
of order p — 1. The set of singular numbers B 2 generate the p-group T 2 of p-rank 
r~ ~~ r p- The se t °f singular numbers B 3 generate the p-group T 3 of p-rank r p . The 
units E 2 generate the group _F 2 of p-rank 2^ — r~. The p-rank of 14 is (r~ — r p ) 

r + + (2^3 _ -x = 

' p ' V 2 P ) 2 ' 
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4 On Hilbert class field of Q(C) 

This section deals of properties of the structure of the p-class group C p of Q(C) 
deduced of the theory of the Hilbert class field of the cyclotomic field Q(£). 


4.1 Some definitions and properties of Hilbert class field 

of Q(C) 


In this subsection, we define the p-Hilbert class field H of Q(£). See, for some 
notations, Washington [^], p 165, chapter 8 p 143 and also Ribenboim [39] chapter 
6. p 178. 


4.1.1 Definitions and preliminary results 


• Recall that a is a primitive root mod p. 


• Recall that a is the Q-isomorphism of Q(£) defined by a : ( —>■ ( u and that 

G = Gal( Q(C)/Q). 


• Let r a : ( —>► ( a , a E N, be a Q-isomorphism of the extension Q(C)/Q defined 
in an other way. 


• Recall that r p is the rank of the p-class group C p of Q(C)- Let r p be the rank 
of the class group C p of Q(£ + C _1 )/Q- Let r P be d ie rank of the relative class 
group C~ = C p /C+ of Q(C)/Q- 

• Let C p be the subgroup of C p whose elements are of order 1 or p. The order 
of is P r p. 


• Let a E Q(C); recall that a is said singular if aZ[£] = a p for some ideal a of 
Q(C) and is said singular primary if a is singular and a = a\ mod ir p , a\ e 
Z, oi ^ 0 mod p. Recall that a unit rj E Z[C + C 1 ]* is said primary if 
rj = ¥ > mod ir p , 6eZ, 1 < b < p — 1. 


• We have seen in 
the relations 


relation (|ll|) p. 23 that there exists ideals b 


of Z[£] verifying 


(49) 


b ~ bi x b 2 x • • • x h rp , 

bi9*Z[C], bf - Z[C], 

°"(bj) — bf, pi E F*, i = 1,. .. ,r p , 
Cl (hi) E C ~, i = 1,... ,r~, 

Cl(bi) E C p , i = r~ + 1,..., r p , 
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• Seen as a F P [G] module, we have 


cl = ©( l , < ci(bi) >. 


With the meaning of index i = 1,..., r p , of relation (^) above, we have proved 
in theorem [2.16| p. [36] that there exists Bi , i = 1,..., r p , verifying 


(50) 


and 


(51) 


Bi€Z[(], n p \Bi-l, m = u 2mi + 1 , i = 1,.. •, n - , 

Bi<EZ[ C], TT 2mi+1 \\Bi - 1, m = U2m i + 1, z = n“ + l,...,r“, 
SjZ[C] = bf, z = l,...,r“, 

= /3f, i = 1 


r 

L 5 * * * 1 ' p 


Bi€Z[C + C], TT p \Bi-l, m = u 2 mi, z = r“ + l,...,n + , 

-Bj G Z[C + C _1 ], 7r 2mi ||Bj - 1, /z* = i = n + + 1,..., r p , 

Bi%[( + C” 1 ] = bf, i = r“ + l,...,r p , 


The values n and n + shall be determined in the sequel: we shall prove that 

and that n + = 0 in remark following theorem 


n = in theorem fL2 


P- 


5.4 p. 65 


Let M be a set of r p independant unramified cyclic extensions K\ = <Q>(£, Wj)/Q(C), 
1, • • •, r p , with Ki C H, [Iu : Q(C)] = p. 

coi so introduced, we call in this monograph p-elementary Hilbert class field of 
Q(C) the unramified extension H/Q(Q: 


(52) 


H = Q(C,wi,...,w rp )/Q(C), 

u p = F h T)gZ[C], Fi#Z[C] p , i = 1,... ,r p , 

F t = cf mod 7r p+1 , z = 1,..., r p , 

[H : Q(C)] = P Vp ■ 


• Observe that the principal prime ir splits totally in Hilbert class field, so 
Fi = c? mod 7r p+1 , see for instance Ribenboim p 168 case III. Observe that 

Q(C ,Fl /p ) = Q(C, (Fi x aPy/P), a G Q(C), so it is always possible to assume 
Fi to be in Z[£]. 

• Let us examine the set M of unramified extensions Mj = Q(^,Wi)/Q(C), i = 
1,..., r p . 
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— From Washington |68|] exercise 9.1 (a) p 182, M % unramified implies that 
FiL[Q = a p for some ideal a* of Z[£]. Then 


Vj,i e N, 0 < Vij <p - 1, i,j = l,...,r p . 

and so 

Fi = c x B?'* ... Br r J” 1 mod tt p , 
cGN, 1 < c < p — 1. 

— From Fi singular primary for i = 1,..., r p and from congruences in rela¬ 
tions (|5Q|) and (|5l|), we get 

Vj,i = 0 mod p, j = n~ + 1,..., r~, i = l,...,r p , 

Vj,i = 0 mod p, j = r~ + n + + 1,..., r p , i = l,...,r p . 

So we can choose the set M of r p independant unramified extensions such 


that 



(53) 

Fi = B u i = 
Fi = B h i = 

l,...,n , 

r p + 1, • • ■ ,r~ +n + . 

and thus 



(54) 

Fiezfc + C 1 ]*, 

T—i 

+ 

1 

e 

II 

• <s> 

Fi G Z[( + C -1 ]*, 

i = r p +n + + l,...,r p 


• 1. To each subgroup Vi of order p of the p-class group C p corresponds one 

unramified extension Q(£, ^)/Q(C)> where 12 can be written in form 17 = 
■ ■ ■ &rp P with 0 < OLi < p— 1 and a, not all zero and with a,{ = 1 for 
the smallest i verifying on / 0: the Fi = ujf, i = 1,... ,r p , are singular 
primary, so F = £l p is singular primary. 

2. To each 17 = w” 1 ... uir p p with a* not all zero and a, = 1 for the smallest 
i verifying a* ^ 0 corresponds one subgroup Vi of C p . 

3. If ... U)rp p = w" 1 ... a )rp P then ai = a[, ... ,a Tp = a' rp . 

• When h + = 0 mod p (which implies that h~ = 0 mod p), we have, from 
Furtwangler theorem [^], see Ribenboim, |39|] (6C) p 182, and from Hecke 
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theorem fT^], see Ribenboim |39|] (6D) p 182, there are r+ independant unram¬ 
ified extensions extensions Q(C, ro*), i = 1,..., r+, 

G i = w p i ez[c]-z[cr, wit Z[C] 

Gi x Gi = /3f, Pi 6 Z[£ + C 1 ]- z = 1,..., r+, 

where GiZ[£] = is an ideal with C7(cj) E Observe that the unrami¬ 
fied extensions Q(C, Wi)/ Q(C) are independant and there are no r + +1 different 
independent such extensions. 

• Let us consider another approach for the particular case where h + ^ 0 mod p. 
— Let Ei, for 1 < i < 2^, defined in Washington p 155, by formula 

(55) Ei = II(C (1 -“ )/2 ^)“^ 1 , 

0=1 ^ 

The expression (d 1- ")/ 2 !^- £ Z[£ + C -1 ]* and so Ei E Z[£ + £ -1 ]* is a 

^ ^ _ 1 / 79 

unit, and then we can chose the determination cu* = E i E R. 

— Let ri be the index of irregularity, 

jy _ ^ 

n = Card({B 2 j \ B 2j = 0 mod p, j = 1, 2,... , ——}, 

where B 2 j are the even Bernoulli numbers. 

— Let ij, j = 1,..., ri, 1 < ij < 2^5, be the irregular indices of Q(C)- 

— The p-elementary Hilbert class field can be explicitly described, see Wash¬ 
ington |68|], exercise 8.9 p 165: 

(56) H = ®((,eII p ,...,eI / p ). 


and r* = r p . 

4.1.2 Some results on structure of p-Hilbert class field of Q(C) 

In this subsection, we give several general results on structure of p-elementary Hilbert 
class held. 
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Let bj, i = 1,..., r p , be the ideals defined in relation (45) p. 51 


(57) 


Theorem 4.1. *** 

Let H be the p-elementary Hilbert class field of Q(£). Then H verifies the structure’s 
properties: 

H = Q{ C,uJi,...,uj rp )/Q{C), 
wfGZ[C], Uj ^ Z[(], i = l,...,r p , 

caf = mod 7r p+1 , a G Z, Q ^ 0 mod p, i = 1,..., r p , 

wfZ[C] = bf p , € {0,1}, i = l, ...,r p . 

Proof. Apply results obtained in definition subsection 14.1.1] p. 51. □ 

Some definitions: 

• Recall that r~ is the p-rank of the relative p-class group C~. Recall that we 
have cr(bj) ~ bf, Pi = u 2mi+ 1 - 

• Let us define the set E = {B \,..., B - }. The set E is partitioned in the two sets 

Ei = {Bi G E | Bi singular primary} and E 2 = {Bi G E \ Bi not singular primary} 

• Recall that, when B{ G E\ then B % = 1 mod 7r p , so the extension Q(£, R ? l//p )/Q(C) 
is unramified and we can take for Bi defined in relations (|5^) p]5^ and 
P-P 


Theorem 4.2. 

p.5l and © V 


the value F) = Rj. 

*** Let us consider the Bi, i = 1 
.4 
V 


There are singular primary numbers Bi , 2 = 1,..., rp, with 


,r p , defined in relations (5C) 

j r p > 


Bi G Z[C + r 1 ] - Z[c + C" 1 ]*, i = 1, • • •, r+, 

(58) R,Z[C] = bf, B,B t = 01 AgZK + C 1 ], 

C'Z(bj) € i = l,...,r+. 

5b Card(Ei) = r+, or n _ = in relation 

Proof. From Furtwangler, see Ribenboim |F| (6C) p 182 and from Hecke, see Riben- 
boim |}9| (6D) p 182, there are exactly r p unramified independant extensions ver¬ 
ifying 

Li = Q(C,^i)/Q(C), i = l,...,r+, 
rof 0 Z[C]*, i = 1,. ■ ■ ,r+, 

= of, € Q(C + C" 1 ), 

rof = Gj = cf mod 7r p+1 , q G Z, c* ^ 0 mod p, 

GiZ[C]=cf, Cl( Cl )€Cfi. 
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Let us consider the Bi, i = 1,... ,r~. Let n~ be the number of the Bi singular 
primary among them. We have seen that Fi = Bi 0 Z[£ + C” 1 ]* for * = 1 ,... ,n~ and 
that Fi G Z[£ + C -1 ]* for i = n~ + 1,..., r p . Prom c, G C~ in relation fl5S|), we can 
write 


Gi = B?-* 


x B 


x F 


i +l,z 

-+i 


X Fr 


rp,i 


Observing that GiGi = oq and that F,F>i = (3?, we get 

_2z/, 


of = X ■ ■ ■ x f3 p x F 2 \" +1 ’ i x 

i 1 i 'n n +1 


A -^Vp 5 


i = 1,... ,7p. 

The unramified extensions Q(£, F^ p )/Q(<f), i = n~ + 1,... ,r p , are independant, 
therefore v in -. i = ■ ■ ■ = u =0 mod p, and so 

1 > Tp 


Gi = Bfi' 1 x • • • x B" n _ 

L I n 



The r+ extensions Q((, Gj ,/p )/Q ((), i = 1,..., r+, are independant, and from Hecke 
theorem there is no r p + 1 such independant extensions. Therefore n~ = r p , which 
achieves the proof. □ 


In the next theorem, we refine the Hilbert class held theorem p7] p. 55 


Theorem 4.3. *** With the same global meaning of index i in all the theorem, the 
Hilbert p-class field verifies the structure: 


H = Q(C,wi,.. .,UJ rp ), 

u\ = Bi, Z[C], Bi Z[C] = bf, 

BfiBi = p p , Pi Gztc+r'i-ztc+r 1 ]*, * = i,. 

(59) Cl(bi)eC-, i = l,...,r+, 

cuf G Z[C + C -1 ]*, *' = + 1, ... ,r~, 

W fZ[C + r 1 ]=bf i , C7(b i )eC'+, 5i G {0,1}, * = r- + l,.. 

where Bi, i = 1,... ,r£, are singular primary. 


Proof. Apply theorem 4.1 p. hSL theorem [O p 


r P , 


□ 


Theorem 4.4. Let us consider the set of singular primary elements Bi, i G I\ = 
{1,..., r+} U {rfi + 1 ,... ,r p + n + } . Let us consider the set of not singular primary 
elements Bi, i G h = {r p + 1,... ,r~} U {r“ + n + + 1,... ,r p }. Let T G Q(C) 

L = 6^ x J] Bfi x n Bfi, cgQ(C). 
ieh iei 2 

If T is singular primary then fi = 0 mod p for all i G 12- 


Proof. Apply theorem |L2| and relations (|50j) p]52| and (|5l|) p. |52 


□ 
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4.1.3 On Galois group of extension H/Q 


• Let H = Q(£, f\' p ,..., Frp P )/Q(() be the p-elementary Hilbert’s extension. 

• Let Gh be the Galois group of H/Q(C/). Let us consider the Q-isomorphisms 9 
of H/Q( C) defined by: 

( Ji , i = 1,... ,r p , ji = 0,...,p-l, 

= «i'»•••»<'■ 

• Let B be the ring of integers of H and B* H the group of units of Bh . Let 9 be 
the Q(£)-isomorphisms of H previously defined. 

• Let ex : £ —► £“ be the Q-isomorphism of Q(£). Observe that a can be extended 
to H unambiguously because Fj, j = 1,... ,r p , singular primary implies that 
a(Fj) is also singular primary, therefore 

<r(uj) =def H^)) 1/P e H, 

if not the unramified extension <Q)(£, a(ujj)) (jL H\ Then, we get 

j = 1,... ,r p . 

Therefore 

(60) a{u j ) = P j {u i,...,w rp ), j = 1,... ,r p , 

where Pj(co i,... ,u r ) is a polynomial of ... ,w rp , with coefficients in Q(£). 
We have in the same way 

cjo a(ujj) = a(Pj(ui,.. .,u rp )) = P j {a{uj 1 ,.. .,a(u rp )) € H, 

and so on, with the choice of determinations of a k (coj) = def (a k (Fj)y/P, j = 
1,..., r p , such that 

(61) 

a k {u 3 ) = aoa^icjj) = a o (a^iF,)) 1 ^ = def (cr k {F j )) 1 / p , k = 1,... ,p - 1. 
Therefore we have proved : 

Lemma 4.5. Let the p-elementary Hilbert class field H of Q(£), defined by H = 
Q(£, F ^ p ,..., Fr p p ). Then H/Q is a Galois extension, (not abelian) defined by the Q- 
isomorphisms a z o9, i = 0,... ,p— 2, where a is the extension of the Q-isomorphisms 
a of Q(C) to H defined above, and where 9 are the Q (£)-isomorphisms of H and 

(62) [H :Q] = (p- 1) xp r p. 
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Theorem 4.6. *** Let C\ be a subgroup of order p of C p such that cr(Cj ) = C\. Let 
M = Q(C,^)/Q(C) be a cyclic unramified extension of Q(C) corresponding by Artin 
map to C\. Then M/Q is Galois. 

4.2 Congruences mod tt in ^-elementary Hilbert class 
field H 

Lemma 4.7. Let H be the p-elementary Hilbert’s class field of the field Q(£). Let 
tth be a prime of H above tt = (£ — 1 )Z[£]. Let a, (3 E H 

with a ^ 0 mod tth and a = (3 mod tth- Then a p = (3 P mod tt^ 1 ■ 

Proof. The absolute norm of the ideal tth verifies Nh/q(tth) = p■ Let A = (£ — 1). 
We have a — /? = 0 mod tth =>■ (a — f k /3 ) = 0 mod i th for k = 0,1,... ,p — 1. 

Therefore, for all k, 0 < k < p — 1, there exists 6 N, 0 < < p — 1, such 

that (a — ( k (3) = Amod 7r|^. For another value Z, 0 < l < p — 1, we have, in 
the same way, (a — d/3) = A ai mod tt 2 h , hence (Q k — Q l )(3 = A (a*, — a;) mod tt 2 h . For 
k / Z we get a*, / ai, because 7Tf/j|(£ fc — ( l ) and because hypothesis a ^ 0 mod tth 
implies that (3 ^ 0 mod tth- Therefore, there exists one and only one k such that 
(a — ( k /3) = 0 mod njj. Then, we have ri;=o( a — 0 7 (3) = (a p — (3 P ) = 0 mod tt p ^ 1 . □ 

Lemma 4.8. Let H/Q(f) be the p-elementary Hilbert class field o/Q(C)- Let Bh be 
the ring of integers of H. Suppose that 

(3 = a mod tt, a, (3 £ Bh 


Then 


(3 P — a p = 0 mod tt p+1 . 


Proof. The principal ideal n of Q(C) splits totally in p-elementary Hilbert’s class field 
H of Q(C). For each prime ideal n{ of H above tt, which is of residual degree 1, we 
can apply lemma PO p. |58] to get (3 P — a p = 0 mod tt ? +1 , which leads to the proof. □ 


Let u be a primitive root mod p. Let a : £ > £“ be a Q-isomorphism of Q(£). 

Let us consider the p-Hilbert class field H = Q(£,cui,... ,u r )/Q(£). We know that 


H/Q is a Galois extension and so a € Gal( Q(£)/Q) can be extended (see lemma [1.5 
p. |57]), to (T h £ Gh where Gh = Gal(H/ Q), where er#(u;j) E H, i = 1,... ,r p , 
and cth chosen with a p 1 f l (uii) = u>i, i = 1,... ,r p , from definitions of subsection 


4.1. 3| p. 57. Therefore, for this extension an, the map a p H 1 is the identity map. Let 
7Tj, 7 = 1,... ,p rp , be the prime ideals of H above the prime ideal n of Q(£). The 
notation a^ 1 ^ 2 (t Tj), i = 1,..., r p is meaningful and a ^ rf) is a prime ideal of 

H above tt. The next theorem describes the action of conjugation a^ 1 ^ 2 on prime 
ideals of H above n. 
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Theorem 4.9. *** There exists at least one prime ideal tth of H above 7r such that 
a {p-i)/2^H) = ^ H . 

Proof. 

• Let us note here r = for uh G Gh■ Let H = Q(£,a;i, • • • ,uj rp )/Q(() 

be the Hilbert p-class field of Q(£). 

• Let us consider the unramified extension Mi = Q(C> ^i)/Q(C)- Let tti, ... ,ir p 

be the p prime ideals of K\ above 7r. Let B\ be the ring of integers of M\. 
Then t\B\ = 7Ti... 7r p . By conjugation we get nB = t(tt)B = tt\ ... n p = 
t(tt\) ... where we note that r(7Ti),..., are also prime ideals of M\ 

above 7r because Afi/Q is Galois. Therefore r(7Ti) = 7 and 7Ti = t 2 (7Ti) = 
T(iTk). But there is an odd number p of primes tt,;. i = l,...,p; therefore 
there exists at least one / G N, 1 < l < p such that 7 r; = r(7p). 

• Let us consider the unramified extension M 2 = Q(C ^2)/Q(C)- Let 7rip,..., 7Ti )P 
be the p prime ideals of M 2 under 7Ti. Let B 2 be the ring of integers of M 2 . Then 
tt\B 2 = 7Ti ; i... 7Ti ;P . By conjugation we get tt\B = t(7Ti)L> = Trip • • • 7Ti ;P = 
r(7Ti,i)... r(7Ti iP ), where we note that t(7Ti j i), ..., r(7Ti )P ) are prime ideals of 

it 2 under 7Ti. Therefore r(7Ti ) i) = 7Tip and Trip = 't 2 (7Ti,i) = t{tti^)- But there 
is an odd number p of primes 7rip, i = 1 ,... ,p; therefore there exists at least 
one l G N, 1 < l < p such that 7Ti ; ; = r(7ri j j). 

• And so on up to K Vp = H = Q(C,ap,... ,u) r ) : finally there exists at least one 
prime ideal 7 th of H verifying t(tth) = 7 th- 

□ 

Theorem 4.10. Let H/Q(() be the p-elementary Hilbert class field of Q(£). Let 
77 = (C — 1)Z[£]. Let a : ( —> ( u be a Q -isomorphism of Q(£) . Let <jh be the 
extension of cr to a Q-isomorphism of H with a p H 1 identity map. Let r = a^ 1 ^ 2 . 

Let a G H where a is coprime with 7 r. Then there exists a prime ideal 7 r# of H above 
ir such that 

q> 

(63) — 7 —r- = 1 mod 77 //. 

r(a) 

Proof. Let us consider a G H with aB + nB = B. Let tvjj be a prime of H above 7r 
with 

7 th = N h/q (tt h ) = p implies that there exists a G N, l < a < p — 1, 

such that a = a mod tvjj- By conjugation, we get r(a) = a mod t(tth) = ^th- and 
so HH) = 1 mod n H- □ 
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5 On Hilbert class field of Q(£ + ( x ) 


Let r p be the rank of the p-class group C p . Let be the rank of the p-class group C p . 


In theorem 4.3 p.56, we have seen 


from a result on Hilbert class field of Hecke and 


Futwangler that r p > 2 r p . Starting of this result, in this subsection, we investigate 


some relations between the Hilbert class field of 


and of 


+ C ) 


5.1 Some definitions 

• Let p > 3 be a prime. 

• Let ( e C be a root of the equation X p_1 + X p ~ 2 + • • • + X + 1 = 0. 

• Let K = Q(C) be the p-cyclotomic field. 

• Let u be a primitive root mod p. Let a : C —■ > C u be a Q-isomorphism generating 
Gal(K/Q). 

• Let h be the class number of K. 

• Let H be the Hilbert class field of K. 

• Let K + = Q(£ + C -1 ) be the maximal totally real subfield of K, verifying 
[A' : K+] = 2. 

• Let h + be the class number of the field K + . 

• Let H + be the Hilbert class field of K + . 

• Let C p be the p-class group of K. 

• Let Cp be the p-class group of K + , so with Cp C C p . 

• Let C~ = C p /Cp be the relative p-class group. 

• Let the ideals bj, i = 1,... ,r p , defined in relation [4^ p. 

C~, i = 1,..., r~ and C7(bj) G C+, i = r~ + 1,... ,r p , where r p = r~ +r+. 
Suppose that h + = 0 mod p, we have seen that: 

— there exists at least one cyclic group C+ =< Cl(b + ) > C of order 
p, where b + is an ideal not principal of K with b^ ~ Z[(\ and u(b + ) ~ 
uA*+ c p* ,,(P — 1)/2 _ 1 


51, where C7(bj) G 
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From theorem 


. ^ derived of Hecke and Furtwangler, there exists a 
corresponding cyclic group Cfi =< Cl{ tm) > C C~ of order p, where b_ 

is an ideal not principal of Q(C) with ~ Z[£] and fr(b_) ~ b^ , E 

■p* ,.(P — 1)/2 i 

t - -1. 


• From Hilbert class field theorem, h + = 0 mod p implies that there exists at 
least one field, cyclic unramified extension L/K + , with K + C L C H + , [L : 
JF+] = p. 


5.2 Relations between Hilbert class fields H and H + 

Lemma 5.1. Suppose that h + = 0 mod p and let L be the field defined immediatly 
above. The extension L/K + C H + /K + is of form L = JF + (Oi + ^-) where O^ = 
F e K — K+ where b € /F+ and FF = f. 

Proof. 


• The field L can be written in form 

L = iF+(0), 

(64) P(O) = O p + a p _iO p_1 + • • • + ai n + a 0 = 0, 

a% E A + , * = 0, ...,p-l, a 0 / 0, 

where P(O) is the minimal polynomial of 0 E C. From (E C and a* E 1F + , we 
derive that a* E R. The coefficients of P(O) are in R and the degree p of P(O) 
is odd, therefore there exists at least one root O E R. In the sequel, we choose 
this root. Therefore, if we note O the complex conjugate of 0, then 0 = 0. 

• Let us denote M = K( O). Then [M : K] x [.K : K + ] = [M : L\ x [L : K + ] and 
so [M : K] x 2 = [M : L\ x p, which implies that [M : K] = p and [M:L]=2. 

• Show that M/K is a cyclic extension: L/K + is a cyclic extension. Let 9l 
be a dF + -isomorphism generating the Galois group Gal(L/K + ). We define a 
A'-isoiriorpliim 9m generating the Galois group Gal(M / K) by 9m(cl) = 9l(o) 
for aElC M and 9m(C) = C for C £ M, £ 0 L. 

• From £ E K and from [M : IF] = p and M/K cyclic, we derive that M/K 
is a Kummer cyclic extension. Therefore there exists Oi E M, Oi 0 K 
such that M = K( Oi) where Oi E C is one of the p roots of the equation 
O^ = F 1 with F E IF. A IF-isomorphim 9m generating Gal(M/K ) is defined 

by 9 m ■ Oi -> Oi x C, C ->■ (■ 
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• Show that the extension M/K is unramified: 

— Let 7 t k + be the prime ideal of K + above p. Let ttk = (1 — C)^[C] be the 
prime ideal of K above tt k +. Let 7r m be a prime of M above ttk- Let 
7 r A be a prime of L above 7 t a -+. The extension L/K + is unramified. The 
multiplicativity of ramification indexes in the extensions (M/ K, K/K + ) 
and (M/L,L/K + ) implies that ttk does not ramify in M/K: 

e(7TM|vr A '+) = e(7r M |vrA') x e{TT K \x K +) = e{rT M \^K) x 2 > 2, 
e(7TM|vr A '+) = e(7r M |vr A ) x e(7r A |7r A '+) = e(-K M \^L) <2 = [M : L ], 

which implies that = 1. 

— Let q ^ p be a prime. Let q A + be a prime ideal of K + above q. Let q A - 
be a prime ideal of K above q A + . Let q m be a prime of M above q A '. Let 
q A be a prime of L above q A + . The extension L/K + is unramified. The 
multiplicativity of ramification indexes in the extensions (M/ K, K/K + ) 
and ( M/L , L/K + ) implies that q A - does not ramify in the extension M/K: 

e(qM|q*r+) = e(q M |q k) x e(q Ar |q A: +) = e(q M |q*r), 
e(qM|qA'+) = e(qM|qi) x e(q L |q A '+) = e(q M |qL)- 

But M = L{(), [M : L] = 2 and q / p implies that e(q/\/jq/\) = 1, 
which leads to e(qA/|q A ') = 1. 

— Therefore, M/K is unramified and cyclic, therefore M C H. 

• Let us denote fli the complex conjugate of Ip. Let Q 2 = From the 

definitions fl 2 € R. We get = FF, where FF G K + C R. 

• In the sequel, (PP) 1//p is to be understood as the determination corresponding 
to the real p th root of FF G K + C R. 

• We show that the case ( FF ) 1//p 0 K + lead to a contradiction. From M = 

K(Q) = K(Cl 1 ), we derive that fii = Pi (hi) where Pi(fl) = XS=o h G 

K. By complex conjugation, observing that Q = fl, we get fl 1 = hjfL- 

Thus 

p —1 p—1 

n 2 = firHi = C^bin^C^biW) G Jy + (0) = L, 

i=0 i=0 

and so /v + (fl 2 ) C L. From Vt p 2 = FF G AT+ and (F~F) l / p 0 AT+, we derive that 
[JL + (fl 2 ) : K + ] = p and so L = /L + (fl 2 ). The extension L/K + is cyclic and so 
the roots fi 2 £ l , i = 0,... ,p — 1, of the equation X p — FF = 0 are in L and 
so ( G L, contradiction because M / L. 
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• Suppose now that b = ( FF) l / p £ Z[£ + ( - 1 ]: 

- From flffi = FF = bP, we derive that, without ambiguity in the de¬ 
terminations, Oifii = b where flifR £ M, b £ M. Then let = 
fli + f2i = fli + At first note that Q 3 0 A + , if not we should 
have simultaneously fRIli £ K + and fR + hR £ K + and hR and fR 
should be the two roots of an equation X 2 +a\X -\-CL 2 = 0 , a\, £ AT + , 

which contradicts C r [ = F, F £ K, F 1 / p 0 K. This implies that 
O 3 = + bi)Q l £ K + (Q). Therefore from K + (Q 3 ) C AT + (f2) and 

from f ^3 0 I\ + , we derive that L = K + (Q 3 ) = A" + (fl). 

— The AT-isomorphims of M/K are defined by: 

0 l M : fli —> fli x Ci C — y (■ 

— Observe that fli IR, if not we should have fR = ^ and so Of = 
b, b £ K + , which clearly contradicts = F, F £ K , A 1//p 0 K. 
The AT + -isomorphisms 9/ of L/K + , restrictions of A-isomorphisrris of 
M/K are therefore defined by: 

+ + c+c'^c+c 1 , 

because 


Or c + FTTi = n ^ 1 + n iC _< = E + E 

1(5 i=o i=0 

p-i 

= E^iC + bjOW £ /T + (^) = A 

j=o 


□ 


Lemma 5.2. The field M = I\(Q 1 ) is a CM- field. 

Proof. 

• [M : L] = 2 and M = A(£). It is sufficient to prove that L = A" + (fli + Hi) is 
totally real. 

• From il/ = F then Hi = A 1//p for one choice of the root A 1//p . Recall that fR is 

the complex conjugate of Then = FF and fRfli = (FF) 1 ^ = where 

( FF) 1:p = b £ K + is the real root defined unambiguously. 
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• Let a G Gal(K/Q). Then <r(Pi) x<r(Pi) = <r(b). In an other part = 

a(FF), which gives the unambiguous definition c(Pi)<7(fii) = (<r( FF )) 1/,p = 
a(b) for a{b) e R defined unambiguously and so cr(fli) = <r(f2i). 

• Then cr(rii + Pi) = er(fii) + cr(Hi) = <r(Pi) + cj(fli) G R. In the same way 

0-(f2iC + fliC' 1 ) = cr(r2i)u(C) + cr(Hi)cr(C _1 ) = er(f2i)C + cr(fii)C € R. 

• Therefore, all the conjugates cr*o^(n 1 +r2 1 ), i = 0,...,p—2, j = 0,...,p—l 
are real and L/Q is totally real, which achieves the proof. 

□ 


5.3 Artin map for Hilbert class fields H and H + 

The next results aims to explicit Artin map of Hilbert class field of Q(C) and of 

QtC + C 1 )- 

Lemma 5.3. 

• In Artin map C p <—> Gal(H / K): 

— < Cl(h+) > C Cp C C p corresponds to unramified cyclic M/K = 
K{fil\)/K with: 

* Q P 1 = F € K - K+, FF = bP , b e K. 

* FZ[Q=b p _, Cl(b_)eC~. 

— < Cl( b_) > C C~ corresponds to unramified cyclic extension N = 
K{uj)/K with: 

* uP = F' ez [C + C -1 ]*- 

* FZ[C] = b p _, Cl(b_)ec-. 

• In Artin map C p <—> Gal(H + /K + ): < Cl( b+) > corresponds to unramified 

cyclic extension L/K + = /i + (Pi + )/K + = A" + (Pi + j^)/K + with: 

- QP = F e K - K+, FF = bP, be K. 

- FZ[C] = b p _, ClibCjeC-. 

Proof. 

• Let Ci =< Cl(b + ) > C Cp C C p be the cyclic group of order p corresponding 
by Artin map to Gal(L/K + ). From 

K + C K, L C M, L C H + , M C H, 

[L : K + \ = [M : K] = p, [M : L\ = [K : K + } = 2, 

then by Artin map, we get (see for instance Washington [^] p. 400): 
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— Cf =< C7(b+Z[£]) >= Gal(M/K ) by Artin map, where b+ can be 
chosen ideal of K + with b^ principal. 

— < Cl(N K / K +( b+)) >=< Cl(h 2 + ) >= Gal(L/K + ) by Artin map. 

— Let 9l generating Gal(L/K + ) and 9m generating Gal(M/I\). Then 9l 
is the restriction of 9m to L C M. 

• With another point of view for the same result: Let i £ N, 0 < i < p — 1. 
Then by Artin map 

- Cl{ by 9\ : + Hi -»• fiiC* + 9\ G Ga/(L//L+), L/K + C 

H + /I\ + , by Artin map in iL + . 

- 9\ € Gal(L/K + ) i -»• QiC\ 0^ G Gal(M/K), 

— 9 l M G Gal(M/K ) <-> C7(b+) by Artin map in iL. 


□ 


The next theorem summarizes Artin map in global context of p-elementary Hilbert 
class fields of Q(£) and of Q(£ + C -1 )- 


In relations 


P- 


and 


p. 53, we have defined the set M of r p 


independant unramified extensions Mi = Q(C, ^i)/Q(C), i = 1 ,... ,r p , with 


= B u i = l, ...,r+, 
wf G Z[C + C _1 ]*, * = r+ + l,...,r“, 

u P i = B h i = r~ + 1 , ..., r“ + n + , 
wf <5 Z[C + C -1 ]*, i = r“+n + + l,...,r p . 


• For i = r£ +1,..., r~ and for i = r~ +n + +1,..., r p , we choose Ui such that the 
extension Q(C)^i)/Q(C) corresponds by Artin map to the group < C7(bj) > 
of order p for the same index i. Thus the set M of r p independant unramified 
extensions is completely defined. This definition of set M is used in the sequel. 


Theorem 5.4. 




Let b, 


i = 1, 


,r p , be the ideals defined in relation © P- 


C+ 


With the meaning of index i of theorem \4-3j p. 
«-> H + verify: 


In Artin map C p Gal(H/K) for i = 1,..., r p then 


5q, the Artin map C p <-> H and 


— < Cl(h r ~ +i ) > C C+ corresponds to unramified cyclic Mi/K = K(bjf)/K 
with: 
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* w? = Fi€ K - K+, FiFi = 1/;, bit K. 

* F i Z[C\ = b p l , Cl(bi)eC-. 

— < CUbf) > C C~ corresponds to unramified cyclic extension M-, JK = 
K {uJ r - +i )/ K with: 

* u p _ + . = F'eZ [C + C 1 ]*- 

* F i Z[(\=b p i , Cl(bi)€C-. 

• In Artin map C p —> Gal(H/K ) for i = + 1,..., r~ then < CUfaf) > C C~ 

corresponds to unramified cyclic extension M.JK = K{ujf)/K with: 


- u^F'enc + c- 1 }*- 

- F,Z[C] = bf, Cl (hi) € Cp . 

• In Artin map C p —> Gal(H + /K + ) for i = 1 ,... ,r p fden < C7(b r - +i ) > C 
C'+ corresponds to unramified cyclic extension Li/K + = /i + (u;j + tJi)/A' + = 
AT + (wj + £f)/K + with: 


- w p = F t e K - K+, FiFi = bi E A+. 
-AiZ[C]=bf, C'Z(b i )€C'-. 


Remark: from this result on Artin map, we see that n + = 0, which allows to simplify 
in a strong way formulation of the Hilbert class field theorem 57 p. 55 and 4.3 p. 15(3. 


Theorem 5.5. *** With the same global meaning of index i in all the theorem, the 
Hilbert p-class field verifies the structure: 


H = Q(C,Wl, .. . ,u >r p ), 

w p = Bi, Bi£ Z[C], BiZ[(\ = b p , Cl(bi)eC-, i = l,...,r+, 

BfB^fil AGZ[C + C _ 1 ]-Z[C + C 1 ]*, » = 

W fGZ[C + C 1 ]* ) i = ^ + 1; • • • 5 

where Bi, i = 1 ,..., r+, are singular primary. 

Theorem 5.6. *** Let Ci =< Cl(b) > be a subgroup of order p of C p with a(b) ~ 
b^ 4 , p E F*. Let M = be the cyclic unramified extension with Gal(M/Q(f)) 

corresponding to C\ by Artin map. Then <r(f2) = PF x 7 , v E F*, 7 E Q(C)- T/ien 

i/ = u x /u -1 mod p. 


Proof. 
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• By Artin map, Cl( b) corresponds to the Q(£)-isomorphism 9 : 12 12£ of M. 

• By Artin map Cl( b^) corresponds to the Q (((-isomorphism 9^ : 12 Q.Q 1 of 
M. 

• Show that, by Artin map, C7(c(b)) = C7(b^) corresponds to the Q(£)-isomorphism 
<r(12) <-> cr(Q(,) of M: 

— Let q be a prime of Q(() with q ~ b. Let Bm be the ring of integers of 
M. Let q m be a prime of M above q. 

— There exists a Frobenius automorphism <Fi generating Galois group of 
Bm/qm over Z[£]/q and there exists a Frobenius automorphism <f >2 gen¬ 
erating Galois group of Bm /&{q.m) over Z[C]/a(q) with : 

<Li(12) = = Q q mod q Bm, 

(66) <J> 2 (<t( 12 )) = a(Q) q mod a(q)BM, 

9 = JV Q(0/Q( < l) = ^QCO/Q^fa))’ 

(see for instance Marcus, [^T[ theorem 32 p. 109). 

— This implies that $ 2 ( 0 " (12)), of form d> 2 (cr(fl)) = cr(12)£ t ’ v G N, v ^ 

0 mod p, verifies ^(cx^)) = ct(12)£p = cr(fl)' 3 ' mod a(q)BM- But by con¬ 
jugation, we get also <r(12£) = cr(12)£ u = a(Q,) q mod cr(q)L>M• Therefore 
v = u and ^(^(H)) = er(12)C u = c(12£). 

• We have shown that, by Artin map, Cl( b^) corresponds to the Q (((-isomorphism 

a(fl) -*• thus ^ n u ( u of M. 

• By Artin map, C7(b^) corresponds to the Q((^-isomorphism 12" 12"of 

M. Therefore pv = u mod p, which achieves the proof. 


□ 


Remark: Suppose that h + = 0 mod p. Let b + be a not principal ideal with b+ ~ 
Z[£], Cl( b + ) G Cp. Let M/K be the cyclic unramified extension of K with < 
C7(b+) > Gal(M/K ) by Artin map. In that particular case we have p^ 1 ^ 2 = 1 
and so z^p - 1 )/ 2 = — 1, which corresponds well to the fact that, in that case, hi G 
K - K+. 
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6 Connection between roots mod p of Miri- 
manoff polynomials and p-class group of Q(C) 

Let 6 E N, 1 < b < p — 1. Let m E N. Let us note < j> m {b) the Mirimanoff polynomial 
value 4>m(b) = fPfZj xb\ In this subsection we give some arithmetic congruences 
mod p of Mirimanoff polynomials <f m (b), strongly connected to class group structure 
of the field Q(£). 

Lemma 6.1. Let 5 E N, 1 < b < p — 1. Let m E N, 1 < m < Xet 

n((,, 2™+i) = n?;„ 2 (i^)“-' a “ +i >‘- 

1. If, and only if, f> 2 m+i(b) ^ 0 mod p then D(b , 2?n + 1) verifies: 

D{b,2m + l) 0Q(() P , 

er(D(b, 2m + 1)) = D(b, 2m + l )“ 2m+1 x 7 P , 7 E Q(C), 

a(D(b, 2m + 1)) = D(b, 2m + l)" 2 ”^ 1 mod ir p+1 , 

TT 2m+1 \\(D(b, 2m + 1) - 1). 


2. If, and only if, c/) 2 m+i(b) = 0 mod p then D(b , 2m + 1) = 1 mod p. 

Proof. Let us note in the proof D for D(b , 2m + 1). Observe at first that D / 1 and 
that D = 1 mod 7 r. 


• Show at first that D 0 Q{() p ■ Suppose that D E Q(C) P and search for a 
contradiction: D E Q(C) P should imply that nf=o () M ~ (2m+1)i = 1 mod p. 
Similarly to foundation theorem |9T] p. |89] this should imply that f> 2 n+i(,b) X 
Ef=o U ( 2 n+i-( 2 rn+\))i = 0 mod p for n = and thus fcm+lip) = 

0 mod p, contradicting hypothesis assumed. 


• We get 


Let i' = i + 1. Then 


v -2 

<d)= n( 


i =0 


5 _ (u i+ 1 
5 _ £-ui+i 




P-1 


^)=n< 


i'=i 


b - C up 

___ 

b - (~ u i' ’ 
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Blit U_ (2m+l)(i / — 1) — (2m-\-l)i' •'*' ^2m+l Uiod. _p, SO 


^=n( ^AX )M ~ (2m+i)i,XM2m+i x ^ 7 e q(c) > 

i'=l 

P" 1 k _ fu if 

(j(D) = JJ(- -i-) U -(2»+l)i'X“2m+l mod ^P+l. 

i'=1 ° ^ 


Then 

ft — h — C 

i> =Z > - 1 => f----)“-(2m+l)(i'-l) = (_-L)“2».+ l 

P b — C” 1 ' 

6 — b — C 

2 = 0 =r > (--r-)«-(2m+l)i = - * 

y b-(~ u i J b- C _1 


Therefore 

<t(D) = T)“ 2 -+i x 7 P , 
p-2 


<t(Z)) = TT(—---) u -(2m+l)jXU2m+l x = /}“2m+l m0 d ^P. 

J.X _ c~ u i b — f-i 

i =1 


D = 1 mod p should imply that nf=o ) M ~ (2m+1)i = 1 mod p. Sim¬ 

ilarly to foundation theorem |9T| p. |8^ this should imply that 4 > 2 n+i(b) x 
E ?=0 u ( 2 n+i-(2m+i))i = 0 mod P for n = and thus (j) 2 m+i{b) = 

0 mod p, contradicting hypothesis assumed. Similarly to proof of lemma |2.9| p. 
P§| and remark following this lemma, it implies that 7r 2m + 1 |j (D(b, 2m + 1) — 1). 

□ 


Remark: This result generalizes the results obtained in the references: 


1. the description of the 7r-adic structure of the p-class group C p , seen in subsection 

lH p- M> 

2. the structure of the unit group Z[£ + £ -1 ]* seen in subsection |3| p. [43|, particu¬ 
larly theorem T2 p. 


Here a generalization to odd and even Mirimanoff polynomial of the previous 
lemma dealing with odd Mirimanoff polynomials: 


Lemma 6.2. Let b € N, 1 < b < p — 1. Let me N, 1 < m < p — 2. Let 

D(b,m) = YlU(b-( Ui ) u - mi - 
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1. If, and only if, 4> m (b) ^ 0 mod p then D(b,m ) verifies: 


D(b,m)?Q((y, 

a(D(b,m .)) = D(b,m) Um x 7 P , 7 E Q((), 

a(D(b,m .)) = D(b,m) Um mod 7 r p+1 , 

7r m || (£>(&, m) — d), rfsZ, d^Omodp. 


2. If, and only if 4> m (b) = 0 mod p then D(b, m ) = d mod p, d G Z. 


Proof. Same proof as lemma 6.1 p. 68. 


□ 


The next theorem connects the existence of some roots 6 of Mirimanoff polyno¬ 
mials 4 > n (b ) = 0 mod p to the structure of the p-class group Cp of the held Q(£). 

Theorem 6.3. *** Suppose that p divides the class number h of Q(C)- Let r~ be 
the relative p-class group C~. For i = 1,... ,r~, there exist different natural integers 
mi 6 N, 1 < 777 < and ideals b* o/Z[£], Cl(hf) E (7~, <r(bj) ~ b^, pi = 

U 2 mi+i) and natural integers bi, 1 < bi < p — 1, verifying Mirimanoff polynomial 
congruences 


(67) 

Proof. 


(t>2mi+\(bi) x (j) p _2mi-i{bi) = 0 mod p, i = 1 ,... ,r . 


The existence of the bj, i = 1,..., r~, is shown in relation [14| p. ^6|. From 
lemma T8 p. [l7| there exist, for i = 1 ,... ,r~, singular Ci E Q(C) with Ci = 
1 mod 7 r, cr(C' i ) = C'f i x of, <7 E Q(C)- 


68 


If Ci is singular primary, then C t = 1 mod 7r p and from lemma 6.1 p. 
there exists at least one bi E N, 1 < bi < p — 1, with <p 2 - mi +\ (Ip) = 0 mod p: 
If 4 >2mi+i(bi) 0 mod p for all bi, 1 < bi < p — 1, then it should imply 

that ir 2mi+1 \\(D(bi,2mi + 1) — 1) for all bi, 1 < bi < p — 1, and so, from 
Ci = D(bi, 2mi + l) mod 7r p_1 , we should obtain 7r 2m i+ 1 ||(Q — l), contradiction. 


If Ci is singular not primary then from theorem 5.6 p. pq on class held theory, 


there exists a primary unit Fi = lv? E Z[£ + £ *]* with cr(iy) = Ff 2m * 1 x 
ef, £* E Z[C + Th en F i = cf, <H E Z. If (j) p - 2 mi-l(bi) # 0 mod p 


for all bi, 1 < bi < p — 1, then, from lemma [hq p. |69|, it should imply that 
7 r p — 2mi ~ 1 \\(D(bi,p — 2 777 — 1) — 1) for all bi, 1 < bi < p — 1, and so from 
Fi = di x D(bi,p — 2777 — 1) mod d, E Z, that 7r p_2Tni_1 ||(F) — 1), 

contradiction. 


□ 
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PART TWO: ON FERMAT-WILES THEOREM 


This section contains a study of Fermat-Wiles equation in first and second case with 
an elementary approach and with use of results on cyclotomic fields obtained in the 
the first part of the monography. It contains: 

• a study of FLT first case: 

— Several congruences mod p of Mirimanoff polynomials connected to FLT. 

— Several congruences mod p of Mirimanoff polynomials connected to FLT 
in intermediate fields K , Q C /\ C Q((). 

— Several strictly elementary congruence criterions. 

— An approach with the point of view of representations of Gal(Q(Q/ Q). 

— An approach with the point of view of Hilbert class field of Q(£). 

— A formulation of explicit criterions with Jacobi resolvents method 
— A comparative survey of our results with bibliography 

• A study on FLT second case: 

— An elementary approach. 

— A cyclotomic field approach. 

— An Hilbert class held approach. 
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7 Some preliminaries on FLT 

This section contains some definitions on Fermat-Wiles theorem, some general pre¬ 
liminary results and the computation of a rough upper bound of the class number h 
of Q(C) used in the sequel. 

7.1 Some definitions on FLT 

• For m = 1,..., the polynomials 

fom+i(T) = l 2m x T + 2 2m x T 2 + • • • + (p - l) 2m x T p ~ l 
are the odd Mirimanoff polynomials of the indeterminate T. 

• Let us denote x p + y p + z p = 0 the Fermat equation, where, as usual, x £ 

Z — {0}, y £ Z — {0}, z £ Z — {0}, and x, y, z are pairwise coprime. In all 
the sequel of this monograph , x,y,z are the solutions of the Fermat equation. 
Let ( be a root of the equation = 0. Classically, we have 

(x + C‘y)z[C] = , i = l,...,p-l, 

(68) 5 = 0 if z ^ 0 mod p, 

S = 1 if 2 = 0 mod p. 

where s* is an integral ideal of Z[£]. Recall that, when si is a principal ideal, 
there is a classical proof of the first case of Fermat’s Last Theorem. 

• In the sequel, we shall use the classical acronym FLT for Fermat’s Last Theorem 
or now Fermat-Wiles Theorem. 

• The Fermat equation can be written 

p - 1 

II (x + Cy) + z p = 0. 
i=0 

It is always possible to choose the pair {x, y} C {x, y, z} such that x ^ y mod p. 
— It is clear if z = 0 mod p. 

— If xyz ^ 0 mod p, from p > 5 assumed, it is always possible to choose a 
pair (x, y) such that x y mod p, because x = y = z mod p would imply 
that p = 3. 

It is important to note that in the sequel of this article,we suppose that x ^ 
y mod p. 
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• In all the sequel of this monograph, let us denote t 6 N for t = — | mod p, 0 < 
t < p — 1. In first case of FLT, we can assume that t does not belong to the set 
of three values {0, l,p — 1}. 

• t = 0 would imply x = 0 mod p. 

• t = p — 1 would imply y = x mod p excluded by previous bullet item. 

• t = 1 would imply x + y = 0 mod p and so 2 = 0 mod p. 


Remark: In almost all the results of this article, we assume only relation (68) 
corresponding to the diophantine equation in Z, for x,y & Z — {0} mutually co-prime, 


(69) ^±y^=p s t p 1 , hez, dG{0,l}. 

x + y 

The Fermat equation x p + y p + z p = 0 implies diophantine equation (|69|), but the 
converse is false. In that meaning, almost our results deal with a wider set of dio¬ 
phantine equations than the Fermat equation. This remark is detailed in the sec¬ 
tion |I^ p. |193| dealing on the first case of the Generalized Fermat-Wiles equation 
x p + y p + c x z p = 0, xy X (x 2 — y 2 ) jk 0 mod p and the partial Barlow equation 
= *i, xy{x 2 - y 1 ) # 0 mod p. 

7.2 Preliminary results 

This section contains some elementary congruences mod p in Z[(] and an upper 
bound estimate of the class number of Q(£). 

7.2.1 Elementary congruences mod p in Z[£] 

Proposition 1. Let a, (3 G Z(^) with a ^ 0 mod n and a = j3 mod n. Then 
a p = P p mod 7r p+1 . 

Proof. Let A = (£ — 1). We have a — /3 = 0 mod it => (a — ( k /3) = 0 mod ir for 
k = 0,1,... ,p — 1. Therefore, for all fc, 0 < k < p — 1, there exists G N, 0 < 
< p— 1, such that (a — ( k (3 ) = Amod 7r 2 . For another value l, 0 < l < p— 1, we 
have, in the same way, (a — ( l /3) = A ai mod 7r 2 , hence (f k — ( l )(3 = A(a^ — aj) mod 7r 2 . 
For k l we get a^, / ap because 7r||(C fc — C Z ) and because hypothesis a ^ 0 mod 7r 
implies that (3 ^ 0 mod 7r. Therefore, there exists one and only one k such that 
(a — C, k f3) = 0 mod 7r 2 . Then, we have riy=o( Q — ft) = ( aP ~ ft p ) = 0 mod 7r p+1 . □ 
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Remark: The slight improvement in 7r 2 , comparing with the result aP = /3 P mod pZ\Cf\ 
tt^ 1 , quoted in the literature, will be used for the proof of second case of Fermat’s 
Last Theorem when p || y, see thm 19.1 p. 197, 


Corollary 7.1. Let a 6 Z[(], a ^ 0 mod ir. Then, there exists 6 £ Z such that 
dP = \P mod 7 t p+1 where b £ Z. 


Proof. Immediate consequence of proposition |] p. ^ where there exists b £ Z with 
b = P mod 7T. □ 


Remark: This result is a slight improvement in 7r 2 of the result quoted in the 
literature : a p = b mod p, see for instance Washington |j^], lem. 1.8 p 5. In a former 
version, we have shown a p = b mod ir p . Professor G. Terjanian mentionned us the 
improvement up to corollary 7.1 p.74, 


7.2.2 An upper bound estimate of the class number of the cyclo- 
tomic field 

In the next theorem, we compute an explicit rough upper bound of the class number 
of Q(C). This one shall be used in the sequel of this article. 

Lemma 7.2. Let h be the class number o/<Q>(C). Then h < pP" 2 . 

Proof. Recall that in this paper, we assume p > 5. Let h = h* x h + be the class 
number of Q(C) where h* is the first factor and h + is the second factor. From 
Ribenboim( [|39[] ) p 132, derived from Lepisto and Metsankyla, formula 6.7 

h" <2px (^)l»- 1 >'' 4 . 

From (p9|j) formula 1.24 p 97, 

r.(p- 3)/2 ( p -3 )/ 2 ( p ~ 3)/ 2 

h+ = -5— x [] | ^ ri 2 kj log\l-C 9 °\l 

k =1 j =0 

where p £ C is a (p — l)-primitive root of 1, g £ N is a primitive root mod p and 
R £ R+ is the Regulator of <Q>(£). Zimmert has shown in |72j corollary p 375, that for 
a number field K of signature (ri, r 2 ), of Regulator R, which contains w roots of unity, 
we have the inequality 2^ > 0.04 x exp(0.46ri + 0.1r2). Then, for the cyclotomic 
field Q(C), we have w = 2 p, n = 0, r 2 = and R > 0.04 x x exp( 0.1 ); thus 
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R > 0.04 xpx exp( 0.1 x 2 1 ^ ). We have the rough estimate \rj 2k9 x log\l — C 9J 
\log\l — C 9J || < logip) because p > 5. Therefore, 


h + < 


2(P“ S)/ 2 


(0.04 xpx e%p(0.1 x ^ P 2 1 ' ) )) V ^ 


x ( ^_J) %(p)) (p-3)/2_ 


From these upper bounds of h* and of h + we get 


h < Q(p ) = {2 p x (^)(P-b/4 }x 


2(P-3)/2 


(0.04 xpx es|)(0.1 x V 2 


x ( ^-^Z^(p))(P-3)/ 2 . 


A rough calculation shows that Q(p) < pP 2 for all primes p > 5. 
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8 FLT first case: Some congruences mod p 


In this section, we study the first case : we suppose that xyz ^ 0 mod p. Our 
method is similar to Eichler’s method in ([10]) and (p9|). Implicitly, we suppose that 
e P < P ~ 2, a result that we have proved in theorem |7.2| p. |74|. The next subsection 
gives principle of the method to obtain congruences mod p connected to FLT. 


8.1 Principle of the method 

This lemma is purely technical and does not take part in the method. 

Lemma 8.1. Let g £ N, 1 < <7 < p — 1 . Then (x + Q 9 y) r L[Q\ has at least one prime 
divisor different of n. 

Proof. From xyz ^ 0 mod p, we deduce that x + y ^ 0 mod 7 r. It is enough to prove 
that (x + (f 9 y) 0 Z[C]*. Suppose that (x + C 9 y) £ Z[£]* and search for a contradiction: 
then, we have xP f yP = ±1, hence (x p + y p ) = ±(x + y). In an other part, we have 
x p + y p = x + y mod p. From these two relations, we obtain x p + y p = x + y. If 
fj > 0, this relation is clearly impossible because we not have |x| = |y| = 1. Then, 
suppose that | < 0. Suppose, without loss of generality, that — 1 < | < 0 and x > 0: 
consider the function f{u) = x u — {—y) u — x — y of the variable u £ R, u > 1. We 
have /(1) = 0 and f' u {u) = u(x u ~ 1 — (— y) u ~ l ) > 0 for 1 < u < 00 and therefore 
f(u) f 0 and thus x p + y p 7 ^ x + y. □ 

The next proposition gives the elementary principle of the method. 

Proposition 2 . Let h = p ep x h- 2 , /12 ^ 0 mod p, be the class number o/Q(C)/Q- 

Let / £ N, p — 1 > f > e p + 2. Let If be any set of f natural distinct numbers 

(70) If = {g t | gi £ N, i = l ,...,/, l<gi<p-l] 

such that the two sets If and I'j = {p — gi \ i = 1,... , /} are not equal. 

Then, there exists at least one set of f natural numbers L(If), not all simultane¬ 
ously null, 

(71) L(I f ) = {k\ k £ N, !<*</, 0<h<p-l} 
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such that simultaneously, 


(72) 


/ 

JJ(x + ( 9i y) k = i] x 7 P , 7<EZ[C], 7?GZ[C + C -1 ]* 

Z=1 

= ,T\ P 

+ V ’ 

/ / 

JJ(x + c 9i y) Zi - JJ(* T + C“ 9i y) Zi + o, 

z=l z=l 

/ / 

j"J(.r + C 9 i y) li — rj(* T + C~ 9 i y) li = o m °d n p+1 . 


Z=1 


Z=1 


Proof. From theorem 722 p. 0, we have e p < p — 2. Let If be a set verifying relation 
|70| p. [ 7(1 Consider the set P of algebraic numbers defined by 


/ 

P = { JJ(x + C 9i y) mi | 0 < rrii < p — 1 , m; not all 0}. 

Z=1 


We have (x + ( 9i y)Z[ C] = s p 9i where s gi , i = 1,is an integral ideal of Q(£). 
Consider the set E = mCi c I 0 < rrii < p — 1, 7Bj not all 0}. We have 
Card(E) = p7 — 1 > p e p + ' 2 — 1 > p e p +1 . Therefore, from Dirichlet boxes principle, 
there exists a subset Eo of E with at least p +1 ideals a^, j = 1,... ,p+l, having the 
same p —component in the class group C7(Q(£)). For each pair (ai,aj) C Eo, j = 
2,... ,p + 1, we can write , from classical factorization of Fermat equation in the 
cyclotomic field, 


(73) 


f 

Pi = JJ(x + ( 9i y) mi Z[Q = a mt not all 0, 

i=l 

f 

p j =Y[( X + C 9i ’ j y) ni ' j ^[C] = ^ P j, TH.J not all 0, j = 2,...,p + l, 

i= 1 


where the two integral ideals ai and a ? , j = 2,... ,p + 1, are in the same class of 
the class group of Q(£), so f 1 = 7j^[C]i Ij £ Q(0- Therefore, we have 


-tt (a + C 9 i y) niJ 

-i-l {x + f 9i y) mi 


£j x y- 


G Z[(}* 


77 





From Rummer’s lemma, we have £j = Q Vj x r/j , where Vj £ N, 0 < Vj < p — 1, and 
where rjj £ Z[£ + C” 1 ]*- Therefore, we deduce that 


tt (a + C 9 i y) ni ’i 
4“ (x + (9iy) m i 


C j X Vj X l P j- 


Because there are more than p different ideals a defined by relation ( f73|) p. [77] in the 
same class, there are at least two different pairs of ideals (ai,a j), (aj, a^) with the 
same v. Therefore, we have 


i—r {x + C, 9i y) n ^' 
(x + C 9i y) mi 


C 3 x Vj' x 7jii Vj' £ Z[C + C 1 ]* ! 


7 j 1 £ Q(C), 


hence 


/ 

Q(x + C' 7 ' //)"'■' = Vi x 7i> — riiji not all 0, 

2=1 

771 €Z[C + C _ 1 r, 7 ieZ(C). 


Therefore, there exists a set L(/y) = {/,; | i £ //, 0 < li < p — 1 }, where the ^ 

are not all simultaneously null, such that 


J\(x + ( 9i y) li = Vi x Vi, Vi € %{( + C 1 ]*, 7iSZ[C]. 

2=1 

Then, we have 

/ _ 

+ C“ 9i y) (i = Vi x 7i, 

2—1 

TT (^ + C gl y) m = /Tlxp 

LJS {x + c - 9iy) ) ^ ■ 

From proposition [l] p.[7| we deduce that 
/ / 

|"J(x + ( 9i y) li — + C ~ 9i y) li = 0 mod 7r p+1 . 

2=1 2=1 

Show that we have : 

/ / 

A = ]J(x + c 9 i y) li - n(* + C 9 i v) u + 0 . 

2=1 2=1 


78 





equivalent to 


/ / 

II(* + C 9i y) li - II(® + c p ~ 9l y) k + 0. 

2=1 i=l 

Suppose that A = 0 and search for a contradiction: from hypothesis on If, we 
have { g l ,g 2 , • ■ • ,5/} ^ {p ~ 9i,P ~ 92, ■ ■ ■ ,P ~ 9f}\ therefore there exists i, 1 < 
i < f with gi 0 {p — g\,... ,p — gj}. For this gi, from lemma( |Ql) , there exists 
0 E {p — gj | j = 1,, /}, gi 7 ^ 9 and a prime ideal q / n of Z[£] such that 
(x + ( 9i y) = (x + C e y ) = 0 mod q, so (C 9i — Q e )y = 0 mod q, hence y = 0 mod q, so 
x = 0 mod q, contradiction, because x and y are coprime. □ 

Theorem 8.2. *** Let h = p £p x h 2 , h 2 ^ 0 modp, be the class number o/Q(C)/Q- 
Let / E N, p — 1 > / > min(e p + 2, Let If be any set of f distinct natural 

numbers 


(74) 7/ = { 3 i | p,:EN, i = l<gi<p-l}. 

such that the sets If and If = {p — gi \ i = 1,..., /} are not equal. Then, there 
exists at least one set of f natural numbers L(If) not all simultaneously null 

(75) L(If) = {li | U E N, 1 <i<f, 0<tj<p — 1} 


such that simultaneously, 
f 


/»6Q(0. ^ 1 . 

/ / 

|^J(x + ( 9i y) li — JJ(x + C ~ 9 i y) li = 0 mod 7r p+1 . 


2=1 


2=1 


Proof. If / < L—1 in the proposition [2] p. 76, the theorem is proved. If / > L-A- in 


the relation ( |72[ ) p. 77 of proposition Q p. 76, then n/=i(" c + C 9 i y) li has some factors 
of the form 

(x + C 9i y){x + C~ 9 i y) and also nf=i( x + C ~ 9i y) li has the same factors of the form 
(x + f 9i y)(x + C~ 9 i y)- It is then possible to simplify all such factors in relation (72) 
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p. 77 of proposition 0 such that we have, with f < 


r r 

!!(* + t 9i y) li - II(- + c 9i y) li + 0 , 


TJ ( ( X + C 9z y) y, = 

{ (x + £-9iyy 


(3 P 


/3GQ(C), 


r r 

Q(.r + £ 9i y) li — + C 9i y) li = 0 mod n p+1 . 


□ 


Remarks: 


• Note that this definition of /, If and L(If) is suitable in all the sequel of this 
article. 


• It is possible to find ’’many” sets If verifying the hypothesis of proposition |j 
p. [7(| For instance, all the sets If defined by 


{gi,--- 91 =P- 1 I 2 < gi < g 2 < ■ • • < g f -i < g f =p- 1} 


verify the hypothesis : if not, If = If with gf = p — 1 would imply p — gf = 
1 G If which contradicts 10// = {gi, g 2 , ■ ■ ■, 9f}- 


Observe that it is possible to replace e p by e p < e p in theorem ^2|p.[79|, because 
components of the p-class group (7+ does not intervene in fractions . 


8.2 Definitions and notations 

Here, we fix some notations used in the sequel of this paper. 

/ E N, p-l>/>min(e p + 2,^), 

I I = {9i I 9i e N, l<9i<p~l, / = !,-••, /}, Card(If) = /, 

If = {p — 9i I 9i e If- i = 1, • • • , /}, If 0 If assumed 
L(If) defined in proposition Ip® 
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Let us define, for the indeterminate X, the product Pl(X ) = nf=i (x+X 9i y) li . Then, 
we have Pl{X~ 1 ) = n/=i( x + X~ 9i y) li . We have 

/ 

PL{0 = \\{ x + Q 9i y) li , 

i=l 

f 

PL(C 1 ) = PUC) = U(x + c 9i y) li - 


Let us denote also 


QU0 = tl(y+( 9i 


i=l 


Ql(c 1 ) = quo = f[(y + c 


9i x) k 


i=l 


where f,If,L{If ) are defined in proposition 
set L(I f ), let Sj(If), j = 1,... ,p - 1, 
functions defined by 


Sj(If) 


fg and theorem p. 79. For this 
G N, 0 < Sj(If) < p — 1, be the 


(76) 


/ 

Si (If) ='}21 1 x g t mod p, 

1— 1 
/ 

^(L/) = x {gif mod p, 

2 — 1 
/ 

^(F/) = ^ k x {gif mod p, 
2—1 


Let A = C — 1. We have = (A + \) 9i C gi = (1 + A x g. L ) mod n 2 , ( 9i = 
(1 + A x gi + A 2 x g ) mod 7 r 3 ,.... In the same way, we have (~ 9i = ( p ~ 9i = 
(A + l) p_9i , hence (~ 9i = (1 + A {p — gt)) mod ir 2 , also (~ 9i = (1 — A x gj) mod it 2 and 
C~ 9i = (1 - A x gi + A 2 x UPtXR) m od 7 T 3 ,.... 

8.3 Some general congruences mod in Z[£]. 

Let F{X ) G Z[X\ where X is an indeterminate. In this section, we note F’x (X) the 
derivative polynomial of F{X ) for the indeterminate X. Observe that this section is 
a purely technical intermediate result. 
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Lemma 8.3. Let p, p E N, 0 < p < p — 1. Let F[A] E Z[X], where X is 
an indeterminate. If F{ C) = 0 mod 7r p , then F' x (() = 0 mod 7r p_1 . Moreover, if 
0<p<p— 1 and tt^||F(C) then tt m_ 1 11(C)- 

Proof. We have -F(C) = 0 mod 7r p , so 

(1 — C) p_1_/ hF(C) = 0 mod 7T P_1 , same as (1 — C) p ~ 1 ~ fl F(Q = 0 mod p. so 
(1 - C) P_1 “^(C) = P>< /(C) with f(X) E Z[X\, hence (1 - X) P ~ 1 ~ P F(X) = p x 
f(X) + <h(A) x h(X), where h(X) E Z[A] and 4>(A) is the p-cyclotomic polynomial 
X x‘-i • By derivation of this relation, we obtain 

-(p-l-/i)x(l- ir 1 ”' 1 " 1 x F(A) + (1 - X) p ~ l ~ p x F^(A) = 
p x fx(X) + & x (X) x h(X) + $(*) x h! x (X). 

We have 4>(C) = 0 and 4>^(C) = 0 mod tt p ~ 2 , hence 

~ip - 1 - M)(l - cr 1 -^ 1 X F( C) + (1 - C) p - 1 -^x(C) = o mod tt p ~ 2 , 


same as 

~ip - 1 - P)F{ C) + (1 - C)-Fx(C) = 0 mod 

so 


(77) -(p- 1 - /x)F(C) + (1 - C)^x(C) = 0 mod tt p , 


hence 

(! - C)F X (C) = 0 mod n p 

and hnally 

F' x { C) = 0 mod tv p ~ 1 . 

From equation ( f77|) p.|8^, we deduce immediatly that if 7r p ||F(C) then n p ' - 1 im-(0, 
which achieves the proof. □ 

Lemma 8.4. LetG{X ) = where F{X), H(X) E Z[A], 7/F(C) = 0 mod 7r p , 0 < 
fa < (p — 1) and 77(C) ^ 0 mod 7r then G' X (C) = 0 mod vr^ -1 . 


Proof. From hypothesis, 7 ? (C) = 0 mod tt p . Then G' x {Cf) = 


G'xiO = 


f'AOh{Q-f{Qh' x {Q 

57c? : 


Ekk 0 

#(C) 


and finally G' x (Cf) = 0 mod tt p 1 . 


F(QH' x (Q 

CF ’ 


SO 

□ 


Lemma 8.5. Let F(X) = ^ c,:X' E Q[A], v p (ci) > 0, of the indeterminate X. If 
F(() = 0 mod tt p and if F( 1) = 0 mod p 2 then F' x (() = 0 mod tt p ~ 1 . 
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Proof. From hypothesis we get 


F(()=pxG( C)x(C —1), 

P~ 2 

= > o. 

t=0 

Algebraically we get 


F(X) =px G(A) x (X - 1) + h{X) x $p(X), 
/ipO g Q[X], /i(A) = ^ hiX\ v p (hi ) > 0, 

$ p (X) = X p_1 + X p ~ 2 H-fl + l. 

We derive that 


F(X) = px G{X) x {X - 1) + (/r(A) - /i(l)) x $ p (X) + h( 1) x <h p (X), 


also that 


F(X) =px G(X) x (X - 1) + /n(X) x (X p - 1) + h(l) x $ P (X), 
e Q(I), v p (hi t i) > 0. 


But P(l) = 0 mod p 2 implies that h( 1) = 0 mod p because <f> p (l) = p■ By derivation 
we get 


F'x(X) = p x G' x (X) x (X - 1) + p x G(X) 

+ h[(X) x ( X p — 1) + h\(X) x p x XP- 1 + h( 1) x & p (X), 

which leads to F’ x { C) = 0 mod 7r p_1 . □ 


Remark: This improvement F' x (f) = ir p 1 instead of F X (Q = 0 mod ir p 2 


derived from lemma 3.4 
monograph. 


p. 82 shall be of great importance in the sequel of this 


£ 7 

8.4 Congruences mod p connected to sums J2i =l 

In this subsection, we transform the congruences mod 7r p_1 related to products 
nf = i(x + C 9i y) li in congruences mod 7r p_1 related to sums J2i=i • 

Lemma 8.6. Let Pf x=( .(X) be the value of the derivative in the inderminate X of 
Pl{X) for the value X = £. Let P' r X= ^(A _1 ) be the value of the derivative in the 
inderminate X of Pl(X~ 1 ) for the value X = £. Then 

P'l,x= fCO - P', x=c (X->) = 0 mod n p -\ 
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Proof. From proposition ^ p.76, we have 

Pl{ C) - PUO = Pl{ C) - PUC 1 ) = 0 mod 7 tP+\ 
PL(C)-PUC 1 )=px(i-C) 2 xf(0 , 

/(C) GZ[C]- 

Therefore, P L (X) - P L (X _1 ) =px(l-X) 2 x /(X) + /i(X) x 4>(X), /(X) G 

Z[X], h(X) = Mp, hi(X) € Z[X], u G N, 4>(X) e Z[X], $(X) = 

p-cyclotomic polynomial. We have Pl(1) — Pl( 1 _1 ) = 0 , therefore we deduce the 

relation 

Pl(X) - PUX- 1 ) = p x (1 - X) 2 x /(X) + h2{X) ^~ X) x $(X), 
which leads to 

(78) P L (X) - P L (X~ l ) = p x (1 - X) 2 x /(X) + x (XP - 1). 

The proof is similar to proposition |8.3| p.|82|, noticing that, here, ( X p — l)' x = p x 
XP- 1 = 0 mod 7 tP- 1 . □ 


Lemma 8.7. For S\(If) defined in relation jP.|P/|, we have S\(If ) = 0 mod p. 
Proof. 


+ ( 9 i y) li — + C 9 i y) li = 0 mod 


7T 


■P+l 


2 = 1 


2=1 


From previous notations, 


(x + C 9i y)^ = (x + y + y(( 9i - l)) li 
= (x + y)^ + (x + y) li ~ l ygik A mod 7r 2 , 

(x + C 9i y) h = (x + y + y((~ 9i - l)) Zi 
= (x + y) li + (x + mod vr 2 . 

Denote So(If) G Z the sum So(If) = Yl{=i h mod p. Then, we deduce that 

/ / 

II(* + C 9i y) li = (x + y) 5o(7/ ^ + (x + y^oPfP 1 X (^2 ygikX) mod 7r 2 
2=1 2=1 

/ / 
fj(x + C ~ 9i y) li = (x + y') S °PP + (x + y) s °( J /) _1 x(-X) V9ikX) mod 7T 2 
2=1 2=1 

/ 

=>- 2^^ ygih A = 0 mod 7r 2 =>• S\(If) = 0 mod 7r, 

2=1 

=>• Si(If) = 0 mod p. 
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□ 


Lemma 8.8. 


/ / 

JJ(x + C 9i y) li = JJ(x + C 9i y) k = 

i=l i =1 

/ / 

+ ( 9i x) li = JJ(y + (~ 9i x) li mod 7T P+1 . 
i=l i =1 


Proof. From proposition 8.7 p. 84, we have Y2i=i .9*4 = 0 mod p hence (^«=i g ' 1 " 1 = 1. 
Then we have 

/ / 

+ C 9i y) li = C ^ =19ili \\{C 9i x + 

1=1 i=l 


f f 

Q(x + C ~ 9i y) li = + y) li 

i=l i=l 


which leads to the result. 

Lemma 8.9. 


□ 


V , 9iU< ? , + V , 91 , = 0 mod IT?- 1 . 

“ (* + C 5i y) “ (® + C ~ 9i y) 

Proof. We compute the value of the derivative in the indeterminate X of Pl{X ) and 
P L {X~ l ) for X = C- We have 


/ 

Pl,x=c(x) = P L (()xyYl 


i =1 


gM 9 *- 1 

(x + C 9i y ) ’ 


/ 


Pl )X=c (X- 1 ) = P i (r 1 )xy^ 

2=1 


(-gikK - 9 *- 1 

(x + (-9iy) 


and from relation ( 0 ) P- 0 


Pl(C) = PUC 1 ) mod 7TP+ 1 
Pl(C) ^ 0 mod 7T. 
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Then from lemma 8T p. 83, we deduce that P' L x= ^(X) — P' L x=( -{X 
0 mod 7T P_1 . Therefore, we have 


= 


PL(C)xy^2 


9ikC 9 


-l 


—( (x + C 9i y) 


r> (/— 1^ s. (~9i)kC 9l 1 A p _i 

Fi < c > X »E modT - 


^ (x + C“ 9i y) 

Then, we have, from relation (79) p. 35 

f 


PUOxvYl 


QiliC 9 ^ 1 

^ (x + C 9i y) 


Pl ( o x 9 v ( -« ) y~ B ~ 1 mod t p-i. 


hence 




E 9iH 
(nr. 4 


-1 


“ (* + C ffi y) 


^ (x + C ~ 9i y) 


E 


mod 7r p 1 . 


which completes the proof. 

Lemma 8.10. 


^ y^ dihC 91 x y^ dikC 9 ' 

V ( x + C 9i y) 1 “ {y + C 9i x) 


= 0 mod n p 1 . 


Proof. Similar to lemma 3.9 p.^ proof, starting from lemma 8.8 p.| 
Theorem 8.11. *** With previous notations, 

f 


f 




-£ 


9ih 


(80) 


—((x + C Si y) ' (y + C 9i z) 

/ , / 


= 0 mod 7r p 1 


\ x 9i^i \ ' 

“ (x + C ffi y) + “ (® + C _9i y) 


9 ifi 


= 0 mod tt p 1 


□ 


□ 
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Proof. 


From lemma 8.10 pJ8q, we get 


V s*A’‘y v , 9M “‘ x , = o m0 d ^-i, 
“ (® + C 9i y) “ (2/ + C 9i ®) 


which leads to 


'y ^ 5 * 4(1 


2=1 


{x + C 9 i y) 


) “ £ 0 * 4(1 


2=1 


(y + (3i X 


-) = 0 mod 7 t p 1 . 


But, from lemma 8/7 p.£4|, J2i=i 9ih = 0 m od p. 


From proposition 3.1 pJ8q, we have 


E . 9ili< * s . +w = o mod 

“ (* + C 9 i y) ( x + C~ 9 i y ) 


and hence 


^ ^ 5 * 4 ( 1 


i=l 


(x + C 9 i y) 


+ ^ 5*4(1 


*=1 


(x + C _ 5 i y) 


= 0 mod 7r p 1 . 


□ 


8.5 Eichler’s theorem 


We derive from theorem p.ll| p.|8(j the proof of Eichler’s theorem; see also for a proof, 
Washington |68|] theorem 6.23 p 107. 


Theorem 8.12. *** Let e p be the power of p dividing the relative class number h 
of Q((). If first case of FLT fails for p, then e~ > [y/p] — 1. 


Proof. 


Let (x + Cy)Z[£] = sP ) where s is an integral ideal of Z[£]. From / < 1, we 

I I f g/j 

derive that 1 T 1 is an ideal whose class belongs to the group C~ = C p /Cf 


nus 1 


of order p e p . 
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Observe that e p > [y/p] — 1 e p > ^Jp — 2. Suppose that e p + 2 < yjp and 
search for a contradiction. Let f = e~ + 2. From relation (SO) p.|86|, we derive 
with g { = i, i = l, 


|> + Cv)(x + C V) x (JZ 


Hi 


+ 


Hi 


i =1 


“ x + x + C l y 


= 0 mod p. 


The higher power term in £ is 

l\ x y^~ l X x f x ^ 1 + 2 " 1 hf-iTf)- 1 = / 1 x xi^x ^/i/- 1 )/ 2-1 . 

In the same way, the smaller power in £ is 

h X y'" 1 X X f X C -((l+2+...+/-l+/)-l) = ^ x y /-l x X f X C -(/(/- 1 )/ 2 - 1 ). 


We have e p + 2< 1 /p=^/< 1 /p=^/(/-l)<p=^/(/-l)-l<p-l=^ 
^^ 2 ^ ~ 1 < Therefore there is no term in (dP -1 )/ 2 . 

Thus we deduce that Zi = 0 mod p and even that Zi = 0 because 0 < Zi < p— 1; 
then the higher power in £ mod p is 

2 xl 2 x r/” 1 x x J x ^(i+ 2 +-+/-i+/)- 2 j 

so I 2 = 0 and so on, l\ = I 2 = ■ ■ • = If = 0, which contradicts the fact that, 
in L(If), the Zj are not all simultaneously null. Therefore, if first case of FLT 
fails for p then e~ > [y/p[ — 1. 






9 FLT first case : Some congruences on Miri- 
manoff polynomials 


In this section, we generalize Mirimanoff’s congruences. The next theorem is the first 
result towards this direction. We have proved that if x, y, z are solutions of the first 
case of FLT equation, whe should have 


(81) 


E 


Qi^i 


—^ 0 + C 9i y ) —^ 0 + C 9i y ) 


E 


Oi^i 


= 0 mod 7 t p 1 . 


The results of relation (|80| ) p.|86|, used in this article directly for the context of Fermat’s 
equation can in fact be generally proved, in a context strictly independant of 
Fermat’s Last Theorem , with the only hypothesis: 


(82) 


o, b E Z, a x b x (a 2 — b 2 ) ^ 0 mod p. 

y , 9il i . + y 7 9ik = o mod 


y (a + C 9i 6) ^ (a + C“ 9i 6) 


9.1 The foundation Theorem 

Theorem 9.1. *** Let If be the sets defined in the relation & Let <^ 2 m+i(T), m = 
l,...,y^ ; 6e tde odd Mirimanoff polynomials of the indeterminate T. Let t e 
N, 1 < t < p — 1, f = — | mod p. T/ien, we have for all set If 


Si (If) = 0 mod p , 

S^m+iT/) x ^ 2 m+i(i) = 0 mod p, m = 1,... 


p — 2> 


Proof. From lemma 3.7 p ,p4|. we have S'] (If) = 0 mod p. From proposition 3.11 p.8£, 


E 




E 


Qili 


y {x + C 9i y) “ + C _9i y) 

We have the algebraic identities 


= 0 mod 7r p x . 


(X 9 + 7/ 9 ) = p_! _ £9i x p-2 y + ^2 ffix p-3 y 2- ^ p - 2 )g ixy p-2 + ^(p-l) 9iy p-l\ 

(x + C 9i y) 

( 7 T ^ _ cr gi x v ~ 2 y + c ~ 29i x p ~ 3 y 2 — • • • — yp _2 )si^,p- 2 4_ (p-i)si„,p-i^ 


(x + C ~ 9i y) 


n xy p - z + C 














We deduce of these relations that 


(83) 

no = 


f 

~ C 9i x p ~ 2 y + C 29i x p ~V 

i— 1 


^(p-2)ffi X yP~ 2 -)- 


/ 

+ ^9ik{x p ~ 1 

i —1 

= 0 mod 7T P_1 . 


C 9i x p ~ 2 y + C 29i x p ~ 3 y 2 - C ip ~ 2)9i xy p ~ 2 + (-(p- 1 )^- 1 ) 


From relation (|83|) p. |9(| we can write F(£) = whith /(X) G Z[X] and ii£l 
Then, let F(X) G Q(X) be the rational function of the indeterminate X where £ 
is replaced by X in the previous value of F(£), thus F(X) = Here, let us 

denote b' x {X) the derivative of any function b(X) for X. We dehne the functions 
F 1 (X),F 2 (X),F 3 (X),... by 

Fi(X) = Xx F' x (X), 

F 2 {X)=Xx(F l )' x (X ), 

(84) F 3 (X) = X x (F 2 y x (X), 


From proposition 8.4 p.82 we have : 

F(() = 0 mod ir p ~~ 3 , 
Fi(C) = 0 mod 7 t p ~ 2 , 
F 2 (() = 0 mod 7r p_3 , 
^ 3(0 = 0 mod 7 r p_4 , 


(85) 


FpsiC) = 0 mod 7 r 2 . 

Then, we obtain 

( 86 ) 

*UC) = 

/ 

^(5i) 2 ^(-C ffi ^“ 2 y + X 29i x p - 3 y 2 -(p - 2)C (p - 2)5i xy p - 2 + (p - l)^- 1 ^" 1 ) 

Z— 1 

/ 

- ^(^) 2 ^(-C" 9 ^ p " 2 2/ + 2(~ 29i x p - 3 y 2 -(p - 2)C (p " 2) W 2 + (p - fX"^^- 1 ), 

i=l 
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thus, substituting 1 to (, we get Fi(l) = 0. In the same way for F 2 {Q we obtain, 


(87) 

^(C) = 

/ 


J2(ffif l i(-C 9ixP ~ 2 y + 2 2 c 29i x p -y - (p - 2 ) 2 c (p - 2) w 2 + (p - i) 2 c (p - 1 )ffi 2/ p - 1 ) 


2=1 


+ J2^if l i(-C 9i x p ~ 2 y + 2 2 C 29i x p ~ 3 y 2 -(p - 2) 2 C- (p - 2)ffi xyP- 2 + (p - 


2=1 


so, by substitution of 1 to £, 


/ 


2 x (^2(gi) 3l i(-x p - 2 y + 2 2 x p ~ 3 y 2 -(p - 2) 2 x/“ 2 + (p - 1) V’ 1 )) = 0 mod vr, 


2=1 


also 


2 x + 2 2 ^- {P~ 2 ?^z 2 + (P- 1 ) 2 ^zr)) = 0 mod P> 

z —' X x z x p z 1 

2=1 


also 


2 x (£ Pi ii) x((-f + 2 2 ^-(p - 2) 2 |^ + (P - X ) 2 ^)) = 0 mod P> 

2=1 


xP- 


hence ^(l) =2 x Ss(If) x $ 3 ( 2 ) = 0 mod p. In the same way 

* 3 ( 1 ) = 0 , 

F 4 (l) = 2 x S 5 (If)® 5 (t) = 0 mod p, 

F 5 (1) = 0, 


( 88 ) 


7 ? 2m(l) = 2 X S 2 m+l{If)$2m+l{t) = 0 mod p, 


Fpsi 1 ) = 2 x S p - 2 (If)<& p - 2 {t) = 0 mod p, 

F p - 2 (1) = 0 . 

which achieves the proof. □ 
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A definition : We define the polynomials #2m+i( r ) b y 
<t>i(T) = 1, 

(89) p - 3 

#2m+l( T ) = ^2m+l(T), m = 1, . . . , —. 

Note that, with this definition, the previous theorem can be stated 

^2m+i(t) x S 2 m+i(If) = o mod p, m = 0,..., ——. 

The interest of this definition will appear more clearly in the sequel of this section. 
The next lemma plays an important part in the sequel of this article. 

Lemma 9.2. Let S^m+i (-!/)> fn = 0,. be the sums defined in the relation 

m p\81 1. Then, if S\{If) = 0 mod p and S , 2 m +i(//) x $2m+i(i) = 0 mod p for 
m = 1,..., then (reciprocal result of theorem p\8!\) : 

E Sih 9ih n j 

t-t—7 + / t-t- 7 = 0 mod p. 

i=i (x + C 9i y) ~fi x + C ~ 9i y) 

Proof. Let us define F(X) G Q(X) by: 


(90) 

F(X) = 
f 


x (® p_1 - X 9i x p ~ 2 y + X 29i x p ~ 3 y 2 - X^-^ 9i xy p ~ 2 + X (p -'^y p - r ) 


i=l 

f 

+ ^2gik x (xP- 1 - X~ 9i x p ~ 2 y + X~ 29i x p ~ 3 y 2 - X~^ 9i xy p - 2 + X~^ p ~ 1 ^ 9i y p ~ 1 ). 

i =1 

We have 

It is enough to prove that F(£) = 0 mod p. The function F(X) is of the form 
F(X) = where a(X) G TL[X\ and u G N. With 7r-adic developpment, we have 

F(Q = F( 1) + (C - 1)^(1) + + ... 


+ 


ip- 2)! 


K - 1)P ^r>d) + e 


2 ! 

(c-ir 


^x(l), 


i=p— 1 


where we verify directly that, for i > p— 1, we obtain — .^ .pM-xd 1 ) = 0 mod ir l , i > 

p — 1: 
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1. For i = p — 1, it is clear. 

2. For i > p — 1: 


• If j > i: let the term CjX of F(X), Cj £ Z. We get J x = 

j(j- 1 )-(j-»+ 1 ) = (7* x Xi~ l . Thus, we get Cj = 0 mod p a , a > 0. 

• If i > j > 0 then (X 7 )^ = 0. 

• If j < 0 then let ji = — j. We get 

(■ X3 )x _ , ii(ii + !)••• (j'l +*-!)_, ^ * 

—j— - ± i! - ±C ii-H-i € ^ 

We obtain also Cj 1+i _ 1 = 0 mod p a , a > 0. 

which leads to the result. 


So we obtain 


(91) 


F( C) = F(l) + (C - 1)4 1} (!) + ^ r~ F x (!) + ■ • • 

+ V-y ^ 2)(i) m ° d 7rp - 1, 


We have F(l) = 0 mod p. Let us denote, with F'x (X) the derivative of F(X) for X, 


Fi(X)=Xx^(X), 
F 2 (X) = X x (FtfxiX), 
F 3 (X) = X x (F 2 y x (X), 


We have 

F 2 (X) = X 2 4 2) (X) + XF' x {X) 

F 3 (X) = X 3 4 3) (X) + 3X 2 4 2) (X) +XF' x (X) 

Then, 

F' X (1) = F 1 (1), 

4 2) (1) = F 2 (1)-F 1 (1), 

(92) fP(1) = F 3 (1)-3F 2 (1) + 2F 1 (1), 
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The same computation as in relations ( |83|) p]90|, ( |8G|) p.pO|, 
of proposition |9T] p. leads by derivation of F(X), to 


p.fTT] and 


P- 
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/ 

F(l) = 2 x Si(If) x 4>i(t) + 2 ^gik = 2 x S±(If ) x (^i(t) + 1) = 0 mod p, 


(93) 


^i(l) = 0, 

F 2 (l) = 2 x S 3 {If) x <j) 3 (t) = 0 mod p, 
F 3 (l) = 0, 

F 4 (l) e2x S 5 {I f ) x <^>5 (t) = 0 mod p, 


F p _ 3 ( 1) = 2 x Sp-z(If) x $ p _ 2 (t) = 0 mod p 

F p - 2 ( 1 ) = 0 . 


From hypothesis, relations ( |92| ) p.|93| and (|93|) p|M[ we have F(l) = F' x { 1) = F^ (1) = 


_ jr(P 2 )/T \ — 


• • = F 


x 


(1) = 0 mod p and then F(£) = 0 mod p. 


□ 


9.2 Definitions connected with sets If 


The definitions of this subsection are important for the sequel of this note. Let 
h = p ep x h 2 , /i 2 ^ 0 mod p, be the class number of Q(C)- Let / = min(e p + 2, ^i). 

Consider the set If = {gi \ i = 1,..., /} defined in theorem [8]^ p.[79[ There exists 
a minimum rank r(If) G N, r(/y) < /, or more shortly r for r(if) if context 
allows it, which verifies simultaneously the relations : 


(94) 


r(If) < / = min (e p + 2, ^-^), 

Jr = {gi | ^ = b • • • j Jr C If = {gi 

J' r = {p-gi | * = I,-• • ,r} 7 ^ J r , 

N(J r ) = {n-i,..., n r }, ni, ... ,n r not all 0, 


E 


(x + C 9i y) 


+ E 


(x + C ~ 9i y) 


= 0 mod p, 


n r = 1, 


these relations being impossible for any strict subset J r / C J r , r' < r. Observe that 
• We have r(I f ) > 1 because {x f™ g \ y ) + ( x +l~li y ) # 0 mod V- 


• For this value of r = r(/j), recall the notation 

r 

S2rn+\{J r ) = mod p. 

2—1 
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9.3 Definitions connected with sets Uf. 

Let u be a primitive root mod p\ recall that, for 0 < i < p — 1, we note indifferently 


Ui = u l mod p, 1 < Ui < p — 1. 


Lemma 9.3. Let it G N, 1 < u < p — 1, be a primitive root mod p. Then, 


U f = {u,u 2 , ■■■,u f } 

Uj = {p-u,p-u 2 ,...p-Uf}. 


and the set Uf verifies the conditions of definition of If sets in subsection 9.3j p. \9J t . 


Proof. We shall prove that the set Uf verifies the hypothesis assumed for sets If: 
u is a primitive root mod p, so we have u(p - 1 )/ 2 + 1 = 0 mod p. Let d £ N with 
d | , d . We have u d ^ ±1 mod p : if not, we would have 

u 2d = 1 mod p, which would contradict the fact that u is a primitive root mod p. 


• For 1 < k < k' < /, we have u ^ mod p : if not, we should have 
yfi-k = f mod p, 1 < k' — k < p — 1, a contradiction. 

• Show that Uf fiU'f : Suppose that Uf = Uf and search for a contradiction: for 

all k, there should exist k! such that u & = p—u^ mod p, so u k '~ k = —1 mod p, so 
kl — k = 0 mod 2^-, hence k' = k+ , that contradicts 1 < k < k' < f < . 

Therefore, the set Uf = {u,U 2 , ■ ■ ■ , it/_i} verifies the relations assumed for the sets 
If. □ 

This definition of Uf set is important for the sequel of this note. We have shown 
that the definition for the set If given in relation (|94|) p.[)4| can be applied, mutatis 
mutandis , to the set Uf: 

There exists a minimum rank r E N, r < f, with 


(95) 


p — 1 

r < f = min (e p + 2, ——) 
u € N, primitive root mod p 


J r = { Ui | i = l,...,r}, 

J r — {p Ui | i — 1 1... i r} J r 

N r = {m,..., n r }, n\ 0 mod p, n r = 1 


E 


UjUj 

(x + C Ui y) 


+E 


UjUj 

(x + C~ Ui y) 


0 mod p, 
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these relations being impossible for any r' < r. For this value r, let us denote 
S 2m +\ (Jr ) or more brievely SWn+iM defined by 

r 

^2m+l{Jr) = ^ ^ 'U'i(2m+l)™i mod p. 
i= 1 

The value r is called the p-rank of FLT congruences mod p. Remarks : 

• We can always suppose that n\ ^ 0 mod p and that n r = 1, if not r would not 
be the minimal rank. 


• It is clear that set U r is a If set. 

• These definitions play a crucial part in the sequel of this chapter. 


• Observe that the two next congruences are equivalent, we shall use indifferently 
one or other form, corresponding to a conjugation a which does not affect 
congruences mod 7r p_1 : 


E 


UjTli 


+E 


UiTli 


+ C Ui y) (x + C Ui y) 


SO, 


E 


+E 


—' {x + C Ui ~ 1 y) ^ (x + C 


= 0. 


9.4 Connection between sum and product congruences 
mod 7r p 1 of sets Uf 

The next results connect product congruences and sum congruences of minimal rank. 
We shall show in the two next lemmas, that f = r is the smallest value such that 
there exists simultaneously ni,... ,rif not all zero with 


/ 

E 


i=l 


UjUj 

(x + C Ui y) 



i= 1 


UjUj 

{x + C Ui y) 


= 0 mod ir p 1 , 


/ / 

)J(x + C Ui y) ni - n(- T + C~ Ui y) ni = 0 mod 7T P_1 . 


The next lemma is a purely technical result. 


uv/iimm 


/ 


UiUi 


y _ 

y(x + C Ui y) 


+ 


UiTli 


f 


Hy) 


= 0 mod p 
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implies the congruence 


f f 

E UjUjC 1 UiUiC 

(T A- ‘ 


0 + C Ui y) frf (x + C Ui y) 


= 0 mod p. 


£ 

Proof. Note at first that, from hypothesis, we get Ei= 1 u i n i = 0 mod 7 r, hence 
£ 

Ei=i = 0 mod p- 


/ 

E 




/ 

+ E 


UiUi 


(x + C Ui 2/) “ (x + c Ui 2/) 


= 0 mod p 


leads to 


UiHiX 


f f 

E UiUiX y—. 

i _ i {x + C Ui y) ~[{x + C ~ Ui y) 


= 0 mod p 


n ^ y u i n iC Ui , yumC “S n j 

z > urn, — > ----- + > 7 ----) = 0 mod p, 

~[i x + C Ui v) ~^( x + ( Ui y) 

which achieves the proof. 


□ 


The relation ( |95| ) p.95 gives a minimal r for the congruences with the sums 
Ei=i (x+ipiiy) ■ The next lemma shows that this minimal r is also for the product 
congruences with n;=i (x+C'y). 

Lemma 9.5. Let r and n\,... ,n r G N defined in the relation & p\9l\ of section 
f pT3| j ptfP\. Then 

YYi=i{ x + C Ui y) ni — + C ~ Ui y) ni = 0 mod p. Moreover, there does not exist 

t < r and l\,... fit G N such that n!=i(T + C Ui y) li — n!=i+ C Ui y) li = 0 mod p. 


Proof. 


From relation © p® we have EI=l (8 +ffi y) + Ei=i (x+P^y) = 0 mod ^ *' 
Note that \\ r i= i{x + ( Ui y) ni — P[( =1 (x + (~ Ui y) ni = 0 mod ir. 

Suppose that for v G N, 1 < v < p — 2, we have ir u || (FI/=i+ ( Ui y) ni — 
UU(x + C~ Ui y) ni ) and search for a contradiction. Then, by derivation, (with 
the substitution, from lemma [P] p.82, of f by the indeterminate X, we should 
deduce that 


7T 


1 ii di^+c^xE 


UiUi( Ui 


i =1 


—'(x + C Ui y ) ^ 


n (x + c u ’yr 


-UjUiC Ui 

^ {x + (~ Ui y) ’ 


E 

i 
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which contradicts the two simultaneous relations 


7 r 


E 


H" + c "*»)”* - + r“») 

i=l 

Uirii( Ui 




—'0 + C Ui y) {x + C Ui y) 


E 


2=1 

-UiUiC 


= 0 mod 7 t p 1 , 


the second one obtained from lemma |9.4| p.|96|. Therefore, we have v > p — 1. 

Suppose that for t < r, there would exist with nU(* + C Ui y) li - 

U t i=i{x+C~ Ui y) h = 0 mod p. Then, we would get Ei=i ^ffey+E*=i ( x +fiiy) 
0 mod p, which would contradict the minimality of r. 

□ 


To summarize, at the end of this section,we thus assert that, for the minimal r of 
relation ((9^) p|)5|, simultaneously: 

There exists m,..., n r 

r r 

UjUj 

X + 

r r 

JJ(x + c ui y) ni - II( X + C ui y) ni = 0 mod IT?- 1 . 

2=1 2=1 



+ 


u ' 2 , *'2 


“ (* + C Ui y) 


= 0 mod 7 t p 1 


9.5 A canonical form of congruences mod p for FLT first 
case-I 


The Mirimanoff congruences assert that 

4>2m+i(t) X Bp_i— 2 m = 0 mod p, m = l,... 2 ^, where B p _ i_ 2m are even 
Bernoulli numbers. But they do not give any information on the possibility to simul¬ 
taneously have ct> 2 m+i{t) = 0 mod p and R p _i_2 m = 0 mod p. In the congruences 
4 > 2 m+\ (t) x S 2 m+i(Jr ) = 0 mod p, m = 1 ,..., that we obtain, we shall show 
that else <f> 2 m+i{t) = 0 mod p, else S^m+itA) = 0 mod p. 

Recall that, for the indeterminate T, we define $2m+iC0 by (T) = 1 for rn = 0 
and r 2m+1 (T) = fi 2 m+i{T) for m = 1,..., 


Theorem 9.6. *** iet t = — 2 mod p. Let r defined in the relation ( fidf ) p. 95. If the 


First Case of Fermat’s Last Theorem fails for p, then there exist exactly (/) 2 ^ r -|_ i 
different values m, m G N, 1 < m < > such that we have the Mirimanoff 

polynomial congruences: 


4 > 2 m+i if) = 0 mod p. 
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Moreover, r does not depend on the primitive root u mod p taken to define Uj. 

Proof. We have J r = {it, U 2 , ■ ■ ■, u r } where it is a primitive root mod p. 

• Show at first that there are at least _ r _|_ \ different values m, 0 < 
m < 2^, such that (j> 2 m+i(t) = 0 mod p, where the notation 4 > 2 m+i(T) has 
been previously defined. Suppose that this assertion is false and search for a 

contradiction : then there exists at most 2^- r different values such that 

^2m+l (f) = 0 mod p , 0 < m < Then there exists at least r values 

m\ = 0, m 2 0,..., m r / 0 such that 

#2mi+l(*) = 1 ^ 0 mod P, 

<^ 2 m 2 +iW # 0 mod p, 

<t>2mr+ 1(*) # 0 mod P- 
and definitions (|95]) p. 
f ->r, 

If i J r , 

L(I f ) - N(J r ), 

S2m 1 +l{Jr) = 0 mod P, 

S 2 m 2 +l{Jr ) = 0 mod p, 

S2m r +l(Jr) = 0 mod p, 

hence 

n\ + n 2 it 2mi+1 + • • • + n r it d ’~ 1 ^ 2mi+1 ) = 0 mod p, 

7ii + ri 2 it 2m2+1 + • • • + ra r it^ _1 ^ 2m2+1 ^ = 0 mod p, 


95, mutatis mutandis, 


From theorem 9.1 p.89 


then we get 


7ii + n 2 U 2mr+1 + • • • + n r u^ r 1 )( 2m ’-+ 1 ) = o mod p. 

The determinant of this system of r congruences in the r indeterminates n\,ri 2 , ■ ■ ■ ,n r , 


( 96 ) 


1 

1 

1 


u 2m 1 +l 

u (r-l)(2m 1 +l) 

u 2m 2 +l 

u (r-l)(2m 2 +l) 

u 2m r +l 

u (r-l){2m r +l) 
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is a Vandermonde determinant with factors (« 2mfc+1 — u 2mi+1 ) ^ 0 mod p 
because u is a primitive root mod p. Therefore n\ = n 2 = ■ ■ ■ = n r = 0, which 
contradicts hypothesis on N(J r ). 

• Show secondly that there are at most — r + 1 different values such that 

$2m+l (t) = 0 mod p, 0 < m < : Suppose that this assertion is false and 

search for a contradiction : Then there exist at least — r + 2 different values 

m, 0 < m < ^r, such that $2171+1 (t) = 0 mod p. Then there exists at most 

u < r — 2 values rri\ = 0, m 2 / 0 ,..., m u / 0, such that 

$2m 1 +l{ t ) = 1 # 0 mod p 

$2m v +lit) £ 0 mod p- 

It is possible to find l\, l 2 , ■ ■ ■, lu, lv+i = 1 € N, not all zero such that 

h + hu 2mi+l + • • • + l vU ( v - 1)( - 2mi+r > + l t ,+i/ (2mi+1) = 0 mod p, 

h + hu 2m2+l + • • • + l v u( v - 1)( - 2ma+1 ') + l v+ iu v ( 2ma+r ) = 0 mod p, 


h + l 2 u 2m " +1 + • • • + l v u<r- 1 X 2mv+1 + l v+1 u v( ~ 2mv+1 '> = 0 mod p. 


because the determinant 
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1 u 2mi+l 
1 u 2m2+1 

^ y2m v + l 


u (i/-l)(2mi+l) 

u {i>—l)( 2 m 2 +l) 

yiy—l)(2m v +l) 


is a Vandermonde determinant with factors (u 2mk +1 — u 2mi+1 ) ^ 0 mod p, 
because u is a primitive root mod p. Therefore we have, 

Jv +1 = {u,u 2 ,... ,u v+l } 

L(Jv+ 1 ) — {^ 1 > 12i • ■ ■ 1 li/+l} 

S 2 m 1 +i{Jv+i) = 0 mod p 
S 2 m 2 +i{Jv+ 1) = 0 mod p 


S 2m „+i{Jv+i) = 0 mod p 
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Therefore, for m G M = {m\ = 0 , m2,..., m v }, we have <S2m+i(A+i) = 
0 mod p and for m G { 0 , 1 ,... , 2 ^} — M, we have <j>2 m +i (t) = 0 mod p 
and hence 


S 2 m +i(Ju+i) x 02TO+1 (£) = 0 mod p, m = 0,1,.. 


From lemma 9.2 p. 92 , this leads to the relation 


p — 3 
2 


H-l 

E 


2=1 


UjUj 

(x + C Ui y ) 


17+1 

+ E 


2=1 


UiTli 

(x + C~ Ui y) 


= 0 mod p, 


which contradicts the minimal value of r = r(Uf) > u + 1. 

• From hrst part of the proof, r depends only of the number of Mirimanoff 

polynomials 02m+i(T), 0 < m < 2^, with 0 2m +i (fi) = 0 mod p and does not 

depend on the primitive root u mod p taken to define Uf. 

• From 4 >\(t) = 1 and fi 2 m+i (t) = 02m+i (t) for m = 1 ,..., we deduce that 
the number of m, 1 < m < 2E1 with 02m+i(f) = 0 mod p is the number of 
m, 0 < m < 2^ with 02m+i(^) — 0 mod p, which completes the proof. 

□ 


Corollary 9 . 7 . *** Let h = p £p x h 2 , h 2 ^ 0 mod p, be the class number of 
Q(C). Suppose that first case of FLT fails for p. Let t, t G N, t = — | mod p. 
If e p < , then there are at least 2=5 — e v Mirimanoff polynomials of odd indice 

02m+i(E), 1 < m < with 


02m+i (t) = 0 mod p. 

Proof. From relation ®) P@, we have r < e p + 2 . The result is then an immediate 
consequence of theorem | 9 T| p.| 98 |, where the number of 0 2 m+i ( 2 ) = 0 is 2=1 — r+ 1 . □ 

9.6 A comparison with Mirimanoff, Herbrand and Ri- 
bet/Kolyvagin 


• Recall and fix some notations: 

— Recall that the class number h of Q(C) is h = p £p x h 2 , h 2 ^ 0 mod p. 
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— Let r p be the p-rank of the class group of Q(£). Let r+ be the p-rank of 
the class group of Q(£ + C -1 )- Let r~ = r p — be the relative p-rank. 

— Let, as previously, t = — | mod p. 

- Let G = Gal(Q(C p )/Q) ^ {^/pZ)*. 

— Let A be the p —Sylow subgroup of the ideal class group of Q(£). So A is 
a Z p [G]-module for G acting on A. Let A = be the decomposition 

of A as Z p [G\— module, (see for instance @) 6.3 p 100). 

- Let E a = {A 2 m+ 1 | 1 <m< A 2m+ 1 / 0}. 

— Let i A = Card(E A )- 

— Let B p - 2m-i> 1 < m < 2x§, be even Bernoulli numbers. 

- Let Eb = {Bp— 2m — i | 1 < m < 2x^, B p - 2m _i = 0 mod p}. 

— We note i p = Card(Es ) the index of irregularity of p. 

— Let <j)2m+i{T), 1 < m < 2x2, be the odd Mirimanoff polynomials. 

- Let E^t) = {fp 2 m+i (T) | 1 < m < 2x2, </> 2m+ i(f) = 0 mod p}. 

— We note 4> c (t) = Card(E ( j ) u )). 

• We compare our approach to known results: 


— Mirimanoff congruences : Let t = — | mod p. We have </> 2 m+i(i) x 
B p - 2 m -1 = 0 mod p, 1 < to < 2x3; S ee for instance |39|] (IB) p 145, 
which implies (f> c (t) > 2x3 _ ^ 


Trivially r p < e p . 

Herbrand theorem : i A < i p (see for instance [68] thm 6.17 p 101). Note 
that Herbrand theorem does not allow to conclude on (j> c (t), because if 
B p - 2 m -1 = 0 mod p, the Mirimanoff congruence does not allow to deter¬ 
mine 4>2m+l (t) mod p. 


— Ribet/Kolyvagin converse of Herbrand theorem : i A = i p and also i p < r p 
(see for instance |38| thm 6.18 p 102). Then these results allow to obtain 


% p v p ft c.p . 

— Then, from Mirimanoff’s congruences and Ribet theorem simultaneously, 
we get 


a ^ P~ 3 ^P~ 3 

4 > cV') — r, l V — o V P — 


— e. 


p- 


which is the result that we have found in corollary |9.7| p ]101| by an ele¬ 
mentary method. 
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— This result can also be obtained from corollary 10.15 p 198 of |j8| and a 
Mazur-Wiles theorem \ei\ = p —part of see |h| p 300 and p 348. 


— It is important to note that our proof uses only strictly elementary prop¬ 
erties of Dedekind algebraic number field Q(£); Proofs of Herbrand and 
Ribet/Kolyvagin converse of Herbrand theorem and Mazur-Wiles theo¬ 
rem uses p —adic theory, Hilbert class field theory, Modular forms, Euler 
systems, ... totally beyond material used in this paper. 


— Note that our result gives fi c (t) > 2^21 — e p . It is even possible to prove the 

stronger result 4> c (t) > 2^—r p obtained from Mirimanoff/Herbrand/Ribet/Kolyvagin 
and even (p c (t) > 2_! _ r ~. always in our strictly elementary ap¬ 
proach, (stronger because it is possible that rfi 


9T| p jl09 


< fp < e p ), see corollary 


It is also possible to prove the stronger result cf> c (t ) > 2J1 — Tp see for 
instance theorem 8.12 p. 87, which is better if h + = 0 mod p. 


9.7 A canonical form of congruences mod p for FLT first 
case-II 

In this subsection, we give some other structure theorems on congruences mod 7r p_1 
of Fermat’s equation. 

Theorem 9.8. *** If the first case of FLT fails for p, then there exists exactly 
[i = r — 1 different values rn. m G N, 0 < m < 2^, such that 

S 2 m+i{Jr ) = o mod p. 

Proof. Consider always the set Uf = {u ,with u primitive root mod p and the 
minimal set J r = { u ,..., u r }. Let p be the number of m, m G N, 0 < m < 2^ ; 
such that S 2 m+i(Jr) = 0 mod p. 

• If p < r — 1 then there are more than 2M — r + 1 Mirimanoff polynomials with 
4>2m+i(t) = 0 mod p, 0 < m < 2^1, which contradicts previous theorem |9.6| 

• If p > r — 1 then, from the first r congruences 

S2m 1 +l(Jr) = 0 mod p, 

S2m 2+ l(Jr) = 0 mod p, 


S2m r +l(Jr) = 0 mod p, 
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we get 


n\ + n 2 U 2mi+1 + • • • + n r vS r O^mi+i) = o mod p, 

n\ + n 2 U 2m2+1 + • • • + n r u^ r - 1)(2m2+l) = 0 mod p, 

m + n 2 u 2mr+1 + • • • + nrU (r- 1 )( 2 "ir+ 1 ) = o mod p. 

The determinant of this system of r congruences in the r indeterminates ni, 77 , 2 ,..., n r 

is 

\ u 2m 1 +l ' _ _ u (r-l)(2mi+l) 

\ u 2m 2 +l _ _ _ 1)(2to 2 +1) 

^ y2m r +l u (r—l)(2m r +l) 

a Vandermonde determinant with factors {u 2mk+1 — u 2mi+1 ) ^ 0 mod p because 
u is a primitive root mod p. Therefore ni = rt 2 = • • • = rt r = 0 mod p, which 
contradicts hypothesis and achieves the proof. 


□ 


We use in the sequel that value fi = r — 1. Therefore, with n r = 1 assumed 
without loss of generality, we are in the situation where we have a system of r — 1 
linear congruences in the r — 1 indeterminates n\,, n r _i, not all zero, with no null 
second member, 


(98) 


ni + n 2 U 2mi+1 + • • • + n r _i U T-2)(2m i + 1 ) _ _ u (r-l)(2m 1+ l) mod p 
m + n 2 U 2m2 + 1 + • • • + n r _i„(»--2)(2m 2 + 1 ) = _ u (r-l)(2ma+l) mod p 


| 2m r _i+l , | (r—2)(2m r _i+l) „ (r— l)(2m r _i+l) ___j 

m + U- 2 W + • • • + n r -\u y A r 1 ' = —it'' A r 1 ; mod p. 


with determinant 


(99) 


A = 


u 2m\+l 

u {r-2)(2mi+l) 

u 2rri2+l 

u (r-2)(2ma+l) 

u 2m r - l+l 

u (r-2)(2m r -i+l) 


^ 0 mod p. 


This result shall be used in section Op. lit. Recall that the definitions used in the 
next corollary are in subsection Hp® 
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Corollary 9.9. *** If the first case of Fermat’s Last Theorem fails for p, then there 
exists r £ N depending only on p and t such that, for any primitive root u mod p, 
Si(J r ) = 0 mod p and for m = 1,..., 2EE 

• 4>2m+l(t) X S 2m+l (J r ) = 0 mod p, 

• If 4>2m+i (t) = 0 mod p then S 2m+ i(J r ) ^ 0 mod p, 

• If S 2m+ i(J r ) = 0 mod p then <f 2m +i{t ) ^ 0 mod p. 

Proof. Immediate consequence of the two previous theorems and of relation ©P0 
where r(Uf) is defined. □ 

In the next theorem, we shall show that it is possible to compute explicitly 
S 2m +i(Jr) and we shall give an explicit solution {Zi,..., l r } of the congruence mod p 


E 


Uili 

x + ( Ui y 


+E 


Uili 

X + C~ Ui k 


= 0 mod p. 


Theorem 9.10. *** An explicit computation of S 2rn+ i{J r ). 

Let the set 

I r p = {2m i + 1 | i = l, ^ 0 mod p, 0 < m* < 2zE}. 

1. Then an explicit formula for S 2n+ \(J r ) is : 


r— 1 

(100) S2n-\-l(Jr ) = ^2n+l X J^J(^2n+l ^2rai+l)* 

i— 1 


105 




2. We have the equivalence 


£ 


Ujli 

x + ( Ui y 


+£ 


Uili 

x + (~ Ui y 


= 0 mod 7 t p 1 


r—1 

= U2n+1 x JJ(^2n+l “ «2m ; +l) 
2=1 


r— 1 


/i = (-l) r 1 X Y[u2mi+ 1 mod p, 


2=1 


r—1 

lr—1 = (-1) X y; U2mj+1 mod p, 
2—1 

Z r = 1. 


Proof. 

1. Let Lbn+i = ni=i (^ 2 n+i — « 2 m ; +i)- With a direct computation, we get 

r 

P2n+l — ^ ^ h X ^( 2 — l)(2n+l) > 

2 — 1 

r—1 

Zi = (-l) r_1 X JJ W2mi+1 mod p, 

2—1 


r—1 

Zr-l = (-1) X ^ U 2 mj+1 mod p, 
2—1 

l r = 1. 


We have S , 2 n+i(«/r) = S[=i n * x w i( 2 n+i)i where, without loss of generality, we 
can assume n r = 1. Then, suppose that SWi+i^r) 7^ u 2 n+i x i^n+i and search 
for a contradiction: Let us consider the expression S' 2n+1 = S 2 n +i{Jr) ~ U2n+i x 
P 2 n+ 1 - We have seen, theorem 9.1 p.89, that 


$2n+l(*) X S 2 n+l{Jr ) = 0 mod J), 


n = 0,.. 


P-3 

2 
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The definition of P 2 n+ 1 implies that 


P _ ^ 

02„+lW X «2n+l X -P2n+1 = 0 mod p, U = 0 , ... , 

Therefore 

^2n+lW X S 2n+ 1 = 0 mod P; n = 0, . . . , . 

and so 


r —1 


$ 2 n+l (0 X ^(n; “ X ^i( 2 n+l) = 0 mod p, n = 0,..., 


p — 3 


Z— 1 


From lemma 9.2 p.92 we get 


r —1 


E 


Uj(nj - k) 

(x + C Ui y) 


r —1 


+ E 


Ujjrii - k) 
(x + (~ Ui y) 


= 0 mod p, 


which contradicts minimality of r. 
2. Immediate consequence of 1) 


□ 


9.8 A comparison with Mirimanoff 

Let t = — ^ mod p. We have for m = 1,2,..., the two congruences mod p : 
• fam+i(t) x -B p -i_ 2 m = 0 mod p, see @ pl45. 


02 m+i(i) x 5 2m +i(J r ) = 0 mod , corollary 
Yll= l w i( 2 m+i) n i mod p is, for u primitive root 
putable. 


p.|105|, where 5 2m+ i(W) = 
mod p given, explicitly com- 


Note that, in our result, it is not possible to have simultaneously (/>2m+i(t) = 0 mod p 
and S 2 m+i(Jr) = 0 mod p. In opposite, we have not seen in the literature if it is 
possible or no to have simultaneously (j>2m+i(t) = 0 mod p and L> p _i_ 2 m = 0 mod p. 
The section |TT] p.116 of this article gives an example of importance of the prop¬ 
erty: the two congruences (j) 2 m+i{t) = 0 mod p and S^m+itA) = 0 mod p are not 
simultaneously possible. 

Related to this subject, we have only found the beautiful results of F. Thaine, 
relating even Mirimanoff polynomials and even Bernoulli numbers: 
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• Let h + be the class number of Q(£ + C -1 )- If h + ^ 0 mod p (in particular case 
of Vandiver conjecture) and if R p _i_ 2 m = 0 mod p, 1 < m < 2^3 and if the 
first case of Fermat’s Last Theorem fails, then (j) p -i- 2 m{t) = 0 mod p. see (|59|) 
prop 3 p 141. This results allows a symmetric formulation : if h + ^ 0 mod p 
then 


- if S p _i_ 2m = 0 mod p then 0 p _i_ 2 m(t) = 0 mod p; 

- if Sp_i_ 2m # 0 mod p then 4 > 2 m+i(t) = 0 mod p. 

Observe that, from Mirimanoff, we know already that (f>2m+i(t) x <^ p _i_ 2 m (f) = 
0 mod p, but Thaine’s result is more precise. 

• ^ n'r/(l — C*)* 2m is not a pth power in Z[£], if L> p _i_ 2 m = 0 mod p and if the 

first case of Fermat’s Last Theorem fails, then ^> p _i_ 2 m = 0 mod p, see (fiOl) 

cor. p 299. 


9.9 A connection between Mirimanoff congruences and 
p —rank of the class group of Q(C)/Q 

Let t 6 N, t = — ^ mod p. Let (f> c (t ) be the number of odd Mirimanoff polynomials 
02 m+i(T), m = 1,... , 2 +, with <t> 2 m+i(t) = 0 mod p. Let r p be the p— rank of the 
class group of Q(C)- We shall prove that 4> c (t ) > 2^ — r p . 


Theorem 9.11. *** Let r p be the p—rank of the class group C p 


Let r be 


the p-rank of Fermat congruences defined in the section (9.5). Then r < r p + 2. 


Proof. Suppose that r > r p + 2 and search for a contradiction : Recall that (x + 
(y) Z[£] = s p where s is an integral ideal. Let 77 be the p-rank of the p-subgroup C p 
of the class group of Q(C)/Q generated by action of Gal( Q(C)/Q) on the class group 
< Cl(cr(s) >. We have 77 < r p . From elementary properties of thep-class group, it is 
possible to find l\, I 2 , ■ ■ ■, l ri + 1 , such that fX'!!' ( x ' + C Ui y) li = (” x x 7 ^ with «£ N 
and 7 G Z[£], It is then possible to find n j, i = 1,2,..., 77 + 2, such that 


ri+2 

n (x + = m x 7?, TyiGZtc + r 1 ]*, 7ieZ[c], 

2 — 1 
7 * 1+2 

11.21.21 “*■ «—* 11.2i.-1 ”* 

= 0 mod p. 




f 1+2 

+ E 


Uik( 


T , , 

+( (® + C Ui 2/) (z + C 


Therefore, from the minimality of r in the definition 9.3 p.95, we get 


( 101 ) 


77 + 2 > r, 
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and hence 


( 102 ) 


r p + 2 > n + 2 > r. 


□ 


Corollary 9.12. *** Let r p be the p—rank of the class group of Q(£). Suppose 
that FLT first case fails for p. Let t 6 N, t = — | mod p. Let fom+iiT), m = 
1,..., be the odd Mirimanoff polynomials. Let <j> c {t) be the number of cj) 2 m+i(t) = 
0 mod p, m = 1,..., Then 4> c {t) > — r p . 


Proof. From theorem 


p.98, we have <f c (t) = — r + 1. Then we apply theorem 

□ 


9.111 pjl08 
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10 FLT first case: Mirimanoff in intermediate 
fields K with Q C K C Q(C)- Part I. 

In this section we shall obtain some relations on Mirimanoff polynomials with a 
systematic study of FLT in intermediate fields between Q and Q(C)- 

10.1 Some definitions 

Let us recall or give some new notations used in this section. 

• u is a primitive root mod p; we note Ui for u l mod p. 

• ° '■ Q(C) - 1 ► Q(C) is a Q-isomorphism defined by <r(£) = ( u , where < a >= 

GaimO/Q). 

• Let g , g G N, g > 1, £zl = o mod g. 

• We have defined the odd Mirimanoff’s polynomials by 

hm+i(T) = T + 2 2m x T 2 + ■ ■ ■ + (p - l) 2m x T p ~\ m = 0,...,^. 

• We recall the definition of ^2m+l (T) in relation (^fj) p.^ by 

r 2m+1 (T)=hm+i(T), m = 1,...,^, 4>\{T) = 1. 

• Let M g = Therefore, from hypothesis on g, M g G N. 

• Let us suppose, in this section, that 

(103) M g = — > e p + 2. 

29 

where e p is defined, from the class number h of Q(£), by the relation h = 
p ep x h 2 , h ,2 ^ 0 mod p. 

• Let K be the field, Q C K C Q(C), [Q(C) : K\ = 2=1, [K :Q]=g. 

• Let us consider the -isomorphism a a : Q(C) —► Q(C)j C ~^ O 9 - 

• Let us consider the set of ideals a 9l { s), i = 0,, 2=1 — 1. 

• Recall that, for the Fermat equation x p + y p + z p = 0, we set t = — - mod p. 
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10.2 Results on Mirimanoff in intermediate fields K, Q C 

K C Q(C) 

The proof of theorem ^2| p.|79|, that we have explained, when > f > e p + 2, for 
the Q-isomorphism a : Q(C) —► Q(C) and the set of ideals <r*(s) i = 0 ,... ,p — 2 , can 
be strictly applied, mutatis mutandis , when — fg — e p + 2 , to the li-isomorphism 
a -9 : Q(C) —» Q(C) and to the set of ideals cr 9t ( s), * = 0,..., 2^1 — 1. Then the 

theorem ^ 2 ] pj7^ gives in that case: 

Theorem 10 . 1 . Leth=p ep xli 2 , Ji 2 ^ 0 modp, be the class number of Q(C)/Q- Let 
g G N, g > 1, 2^- = 0 mod (7 wh£h > e p + 2. Let f g £ N, > / 5 > e p + 2. 

Then, there exists at least one set of f g natural numbers L{If ) not all simultaneously 
null 


(104) L (If g ) = {k\ k € N, 1 <i< f g , 0<k<p-l} 

such that simultaneously, 


yr ( X + C U9i y) li 
■j-i- [x + C,~ U3i y) li 


(3 p , (3 e Q(C), /3^1, 


fg fg 

+ C, Uai y) li — + (~ U3i y) li = 0 mod ir p+l . 

2=1 i= 1 


Proof. The same proof as proposition ||| pj7^ and theorem ||]2| p.ff9] can be applied 
here; we observe only that Uf = { u 91 \ i = 0, ..., f g — 1} verifies the conditions 

assumed for If sets: 

u 9n ^ n 9 * 2 mod p, ii / * 2 , 

{ Ugi | i = 1, • • • , fg 1} 7^ {v — U gi I * = 1) • • ■ ) fg — !}• 


because u is a primitive root mod p and gi\ < g x 
p-i 
2 • 


V - and gi 2 < g x ^ = 

□ 


Remark: Observe that if g 


1 it is the theorem 8.2 p.79 


10.2.1 Definitions connected with sets Uf . 

This definition is important for the sequel of this section. This definition is the 
translation for a 9 of the definition given in relation (p5|) p.[95| for a. There exists a 
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minimum Fermat congruence rank r 9 £N verifying 

p — 1 


r„ < e v + 2 < 


L ), 


(105) 


9 - P ' 2 g 

u G N, primitive root mod p, 
Jr g — {^gi 


z = 1,.. ,,r g }, 

N ( J r q ) = {ni, . . . ,n r „}, # 0 mod p, n r = 1, 


£ 


'UgiTli 


+£ 


—j' (x + (, Ugi y) “ (x + C “ 9i y) 

these relations being impossible for r' g < r g . 

For this value r g , let us denote 


UniTti 

9 =0 mod p, 
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Sg(2m+1) (.Jr g ) — ^ ] u gi(2m+l) x n i m °d p. 


i— 1 


10.2.2 Instanciation of cr-theorem to cr 9 -theorems 


The instanciation of foundation theorem (9.1) becomes in that case: 

Theorem 10.2. 

S g (J rg ) = 0 mod p, 


S g {2m+l) (Jr g ) X 4>lm+l if) = 0 P , "1 = 0,... 


p — 3 


Proof. 


1. Similar to lemma (S/i] p.84 with a 9 in place of <r and in place of u. 

2. Similar to the proof of theorem [O] p.|8^ with a 9 in place of <r and u g in place 
of u. 

□ 


We show that theorems 9.6 p.^g can be partially applied here, with mutatis mu¬ 
tandis, f -» f g , r -> r g . 

Theorem 10.3. *** Let t = — | mod p. Let r g defined in the relation ( 1030 P Iff- 
If the First Case of Fermat’s Last Theorem fails for p, then 

1. there exists exactly — r g + 1 different values m, m E N, 1 < m < 
— 1, such that we have for m the g Mirimanoff polynomial congruences: 

0L+i+a(p-i)/ s (*) = 0 mod P’ a = 0,... ,g - 1. 
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2. there exists exactly r g — 1 different values m, m E N, 1 < m < ~ 1; 

such that we have for m at least one a £ N, 0 < a < g — 1 with the 
Mirimanoff polynomial congruence: 

02m+l+a(p-l)/ S (*) £ 0 mod P- 


Proof. We duplicate, mutatis mutandis, the proof of theorem 9.6 p.98 


1. We have J Tg = {u g , U 2 g , ■ ■ ■, %r g } where u is a primitive root mod p. 


Observe that, from relation 
Let f3 = 2a x M g . 


p. 112 , we have r g < f g < = M, 


9 - 


• Show that there are at least M g — r g + 1 different values m, 0 < m < 
M g — 1 , such that S g rp +2 rn +i) ( J Tg ) ^ 0 mod p. Suppose that this assertion 
is false and search for a contradiction : then there exists at most M g — 
r g different values m, 0 < m < M g — 1 such that S g m+2m+i) ( Jr g ) ^ 
0 mod p. Then there exists at least r g different values mi, 0 < m.j < 
M g — 1, i = 1,..., r g , such that 


i.Jr g ) — 0 mod p , 
1 'h?(/3+2m,2+i) ) = 0 mod p, 


Sg(/3+2m r g+l){Jr g ) — 0 mod p, 

hence 

m + n 2 « 9(/3+2mi+1) + • • • + n rg n 9(r «- 1)(/3+2mi+1) = 0 mod p, 
m + n 2U 9(0+2rn2+l) + . . . + nr , gU 9(r g -l)(/3+2m 2 +l) = q mod Pj 


m + n 2 « 9(/3+2mr « +1) + • • • + n r9 u 9(r »- 1)(/3+2m ^ +1) = 0 mod p. 


The determinant of this system of r g congruences in the r g indetermi- 
nates n\, n 2 ,..., n Tg , after simplification by a power of u ^ 0 mod p not 
intervening in mod p congruences, 
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u p(2mi+l) 

u 9 (r g -l)( 2 m i+l) 

u g(2m 2 +l) 

w 9(r g - 1 )(2m 2 +l) 

u g(2m rg +l) 

M 3hs- 1 )( 2 " 1 r 9 + 1 ) 
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is a Vandermonde determinant with factors [u 9 ^ 2mk+1 ^ — • u s( 2m i+ 1 )) ^ 
0 mod p because u is a primitive root mod p and because g(2mt + 1) < 
P ~ 1, * = 1, ■ ■ ■, r g : in fact .g(2m 2 + 1) < g(2(M g - 1) + 1) = g( 2(^ - 

1) + 1) = p — 1 — g. Therefore ni = ri 2 = • • • = n rg = 0, which contradicts 
hypothesis on N(J rg ). 

• Then, for m varying through a set M C {1,..., — 1}, Card(M) = 

— r g + 1 and for a = 0,..., g — 1, we have 

^g{ 2 m+l+a(p—l)/g)(Jrg) = ‘Sg( 2 m+ 1 ) (•A'g) ^ 0 mod p, 
and from foundation theorem 


< p2m+l+a(p-l)/g( t ) = 0 mod P> a = 0,...,g-l. 

2. Show secondly that there are at most — r g +1 different values m, 
m < M g — 1, such that 


0 < 


^ 2 m+l+a(p-l)/g (*) = 0 mod P > 0 < m < M g - 1, a = 0, ..., g - 1. 

Suppose that this assertion is false and search for a contradiction : Then 
there exist at least — r g + 2 different values rn & N such that 

#2m+i+a(p-i)/ff (*) = 0 mod p> 0 < m < M g - 1, a = 0,.. ., g - 1. 

Then there exists at most v < r g — 2 values m\ = 0, m 2 / 0,..., m„ / 0 
with at least one ag G N, 0 < cc* < <7 — 1, i = 1,..., is, such that 


^Lh+I+Mp-I)/^) ^ 0 mod P 


1 )/<?(*) ^ 0 mod 

It is possible to find Zi, I 2 , ■ ■ ■, Ip, l v +1 = 1 G N, not all zero such that 
Zi + Z 2 u s(2mi+1) + • • • + ^u (l/ - 1)9(2mi+1) + i I/+ i« I/9(2mi+1) = 0 mod p, 
h + l 2 u 9 ^ 2m2+1) + • • • + l u u^- 1)9(2m2+1) + l u+1 u U9{2m2+1) = 0 mod p, 

h + + V + • • • + l uU ("-l)9(2m„ + l) + l v+lU ^m v +l) = 0 mod P 


because the determinant 


1 

1 

1 


u g(2mi+l) 

yiy—1)9(21711+1) 

u g( 2m 2 +l) 

u (v-l)g(2m.2+l) 

u g(2m„+l) 

u (v-l)g(2m„+l) 
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is a Vandermonde determinant with factors (u 9 ^ 2m fc+F — u a( 2m i+ ] )'j ^ 
0 mod p, because u is a primitive root modp and g(2rrii + l) < p— 1, i = 
1,..., v. Therefore we have, 

J u+1 = {u 9 ,u 29 ,...,u {u+1)9 } 

1) — {^li ^2) ■ ■ ■ j l} 

l ^ l g(2mi+l) ) = d mod p 
5’g(2m 2 +l)(^+l) = 0 mod p 


Sg{ 2 m„+l){Jv+\) = 0 mod p 

Therefore, for m G M = {m\ = 0, m 2 ,..., m. u }, we have S g ^m+i){Ju+i) = 
0 mod p and for m £ {0,1,..., — 1 — M}, we have 

4>lm+i +a (p-i)/ g {t) = 0 mod p, a = 0,... ,g - 1, 

and hence 


Sg(2m+l)(Jv+l) x 4>2m+l+a(p-l)/g(^) — 0 m °d P , 


p — 1 

"i = 0 ,l,...,—- 1 , a = 0 ,... , 5 - 1 , 

2 g 


which leads to 


Sg(2m+l)(Ju+l) X #2m+l W = 0 m od P, m = 0, 1, ... , 


P-3 


From lemma |9.2| p.|92|, this leads to the relation 
v+1 i/+l 

> UniTli 

-- , + > 7-~ —-— r = 0 mod p, 

(x + C Uai y) (x + C Uai y) 


which contradicts the minimal value of r g > v + 1. 


From first part of the proof, r g depends only of the number of Mirimanoff 
polynomials fom+iiT), 0 < m < 2^, with 4 > 2 m+i{t) = 0 mod p and 
does not depend on the primitive root u mod p. 

• From cf)\(t ) = 1 and ^m+iW = <t>2m+i{t) for m = 1,..., we deduce 
that the number of m, 1 < m < 2^ with (j) 2 m+i{t) = 0 mod p is the 
number of m, 0 < m < 2^1 with ^2m+l (t) = 0 mod p, which completes 
the proof. 

□ 


115 






11 FLT First case: Mirimanoff in intermediate 
fields K with Q C K C Q(C)- Part II 

This section deals, with another point of view, of Mirimanoff polynomials in inter¬ 
mediate fields K, Q C A' C Q((). 

• The first subsection deals of Gauss periods for FLT. 

• The second subsection gives an example of application: if p is prime, p = 
1 mod 3, does not divide the class number of K/Q, [.K : Q] = then first 
case of FLT holds for p. 

• The third subsection is a study of FLT first case in quadratic subfield of Q(£). 


11.1 First case of FLT and Gauss periods 


In this subsection, we apply Gauss periods of cyclotomic equations to generalize 
foundation theorem to intermediate fields Q C Ac <Q>(C), see Ribenboim [Q, p 115, 
to the Fermat’s equation x p + y p + z p = 0, xyz ^ 0 mod p assumed as hypothesis. 


We have shown the foundation theorem 9.1 89 


r —1 


hm+l{t) X ^U( 2m +l)i X l t = 0 mod p, 


m = 1 , 


p — 3 


i =0 


where we recall that t = — | mod p and <p 2 m.+i (T), m = 1 ,..., 2 ^ are the odd 
Mirimanoff polynomials. In this section, we shall generalize foundation theorem to 
intermediate fields K, Q C A C Q((), with [K : Q] = < 7 , p — 1 = g x /, where / 
is odd. 


Theorem 11.1. *** Translation of Mirimanoff congruences in intermediate fields 
Let K be an intermediate field, QcAc Q(C); with [K : Q] = g, p— 1 = g x f, 
where f is odd. Let rx be the p-rank of the class group of K/Q. There exists a 
minimal rA £ N, rA < rx, t"a < g such that the odd Mirimanoff polynomials 
verify the system of congruences mod p 

rA 

(109) X {^Ujp^n+i) x lj} = 0 modp, 2n +1 = 1,3,... , 3 -1, 

3 =0 

where IjCN, 0 < f < p — 1 , Iq 0 , l rA 0 . 

Proof. 


116 






• Let us consider the algebraic integer A = Hi=o ( x + C Uai y) E Z[£]. We have 
A E K. 

• Let Ok = K n Z[£] be the ring of integers of K. We have AOk = U p , where 

U is an ideal of Ok- Let pa be the p-rank of the action of G = Gal(Q(C)/ Q) 
on the ideal class group < C7(t/Z[£]) > subgroup of the p-group C p . Clearly 
PA < tk and pa < 9 because, for all ideals b C K, then N K / Q(b) is principal. 
It is possible to find lj , 0 < lj < p — 1, Iq = 1, l PA ^ 0 mod p, j = 

0,..., pa, such that YYj=a {U) l i is a principal ideal of Ok and so, 

observing that / = 2 ^., 


PA 

Q = I1> /J W J =Cx7/x 7 p, 
i=o 

7 E Z[(], r) E Z[£ + C -1 ]*) uEN, 0<v<p-l. 


• Then, we obtain 


pa /-i 

Q = (x + ( u 9i+fiy) l j = ( v X 7] x 7 P . 

7 =0i=0 

Then it is possible to find a minimal natural integer mod 7 r p+1 Fermat con¬ 
gruence rank pa < Pa such that 


pa /- 1 /-l 

nn (x + C""'- / '.'/) / ' - nn (x + C u 9 i+ fiy) lj = 0 mod 7 r p+1 , 

j= 0i=0 7=0 i =o 

li£N, 0 < ij < p — 1, Iq 7 ^ 0, l rA ~j~ 0- 


Then, we apply foundation theorem 
to get for m = 1 ,..., 2 ^, 


p.89, mutatis mutandis in this situation, 


pa f~ l 

4 > 2m+l(t') X ^ ^ ^ ^(2m+l)(<p+/7) x ^ 7 ) = 0 mod p, 
7=0 i=0 


SO 

( 110 ) 


/-I 

$2m+1(^) X n(2m+l)gj) x ^ ^(2m+l)/7 X (?) — ® mod p, 

i=0 7=0 


m = 0,.. 


p — 3 
2 


which is the translation of foundation theorem 9.6 p.98 in intermediate held K. 
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_^ £ _-J^ 

Let us evaluate J2 i= o u (2m+i)gi■ 

_^ ^ 

- If (2m + 1) X g = 0 mod (p - 1), then JT= 0 u (2m+i)gi = f ^ 0 m od p. In 
that case 2 m + 1 = /(2n + 1), 1 < 2n + 1 < g. 


- If (2m + 1) x g ^ 0 mod (p - 1), then u (2 m+i) g i = u J^+^-i = 

u (2m+l)g_ l = 0 mod P . 

• Then we obtain </>/( 2 n+i)( i ) x (Yl'jto u j(2n+i)p xl j) = 0 modp, 1 < 2n+l < g. 

□ 

Example : Suppose that g = 6, that p— 1^0 mod 3 2 , p— 1^0 mod 2 2 and 


_ u (2m+l )gf_l _ 


that p\\h(K/Q), so r a = 1- Then this generalization of foundation theorem (11.1) 
gives, with f = 

<£( P -i )/6 (t) x (Z 0 + u ((p _ 1)/6) 2 x Zi) = 0 mod p, 

03(p—1)/6 0) x Go + %(( P -i)/6) 2 x Zr) = 0 mod p, 

05(p-i)/6 (*) x Go + «5 ((p-1)/6)2 X Zi) = 0 mod p. 

Then, this implies that at least two of the values ^3(p-i)/6 Wi ^5(p-i)/6W 

are null mod p because, from hypothesis on p— 1, we get 2 x (^pp-) 2 ^ 0 mod p— 1, so 
^ 3 (p-i)/ 6 ) 2 - w ( P -i)/6) 2 # 0 mod p and also 4 x (^p-) 2 # 0 mod p - 1, so u 5{p _ i )/6 )2 - 
u (p _ 1)/6) 2 ^ 0 mod p. 

Remark : Let a field I\ C Q(£). Let r/y be the p-rank of the class group K/ Q; 
let r p be the p-rank of the class group Q(C)/Q> the interest of this theorem is that 
r K < f p and that r/y < [it : <Q>] : so we have now to consider system of linear 
congruences of rank smaller than rpy, very more easily solvable that a system of r p 
conguences in Q(£)/Q- We have translated Mirimanoff congruences in intermediate 
fields K/Q. 

Corollary 11.2. *** Let p — 1 = f x g with f odd. Let K be the intermediate field 
Q C it' C Q(C) and [K : Q] = g. Suppose that p does not divide the class number of 
K/Q. Then we have the Mirimanoff’s polynomials congruences 

<£/( 2n+i) G) = 0 mod P, 2n + 1 = 1,3, 5,... , g - 1. 

Proof. Apply theorem |11.1] p. |116| with here P 4 = 0. □ 

Theorem 11.3. *** Let f,g€ N, with f x g = p — 1, Gcd(f, g) = d and f odd. Let 
va be the rank defined in theorem \ll.fj p \116 . Then 

g-2d 


( 111 ) 


Card({(f)f(2 n +i)(t) # 0 mod p \ n = 0,..., 
Card{{cj)f(2n+i){t) = 0 mod p \ n = 0,..., 


2d 

g-^d 

2d 


}) = r Ai 

g — 2d 
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Moreover r A < rx where rx is the p-rank of the class group of I\, [K : Q] = g. 
Proof. Let us denote 


rA 

f(2n -1) = ^ ^ ^fj/ 2 (2n+l) X lj mod p , Tl 0, . . . , 

3=0 


g-2d 
2d ’ 


where rA is the minimal natural integer which verifies the relation ( 110 ) p.117. The 
foundation theorem 9.1 pJ8^ is the relation (110) p.117 which implies for 2m + 1 = 
/(2n + 1), 


n = 0. 


2d 


0/( 2n+l)i t ) X S f(2n+l) = 0 mod p. 


Observe that Uf2( 2n +i) ^ u p( 2 n'+i)i n = 0,..., mod p, because / 2 (2n + 1) ^ 
0 mod f 2 (2n' + 1) mod p — 1 <t4 f(2n + 1) ^ /(2n' + 1) mod g <t4 2n + 1 
2 n' + 1 mod f. which is not possible from hypothesis 0 < n,n' < 


q—2d 

2d 


It is 


not possible that <S'/( 2 n i + 1 ) = Yl’jto u jf 2 ( 2 m+i) # 0 mod p, i = 1,... ,r A , because 
^ 0 mod p, i = 1,... ,r A , and because the Vandermonde determinant 
A = \ujf2(2ni+i)\i<i,j<r A verifies A ^ 0 mod p: indeed the foundation theorem 9.1 
its reciprocal liO pf~)^. the theorems 9.6 p.|98|. |T8| p.|103| and the corollary |91 


ied 


p|92|, the theorems |9.6| p.|9q, |9.8| p. |103| and the corollary 
p. 105 can be applied here starting from relation (14T) p. |117] , which can be app’ 
for m = 1,..., 2AI. As in corollary |T9] p. 105, we have 4>f{2n+i)(f) = 0 mod p else 
Sf(2n+i) = 0 mod p, the two congruences being simultaneously impossible, because 
r A is the minimal natural integer verifying relation (B)- This leads to relation (|111|) 


p.118 


□ 


Corollary 11.4. *** Let /, g G N with f x g = p — 1, Gcd(f,g ) = d > 1 and f 
odd. If there exists n £ N, n < with <ff( 2 n +i){t ) = 0 mod p then 


( 112 ) 


<t>f(2n+l+jg/d) if) = 0 mod p, j = 0,..., d - 1. 


Proof. Observe the periodicity 


rA 


rA 


Sf(2n+l+jg/d) — ^ ' y O'kf 2 (2n+l+jg/d) — ^ ^ ^fc/ 2 (2n+l) — 2n+l) mod p 


k =0 


k =0 


and apply theorem 11. 3| p. 118 . 


□ 


Corollary 11.5. Let /, g e N with f x g = p — 1, 
Then 
else 

B v _ f{ 2 n +\) = 0 mod p , n = 0, 


Gcd(f,g) 


g-^d 

2d 


d > 1 and f odd. 
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where -£> p _/( 2 n+i) are even Bernoulli Numbers. 

else there exists at least one to G N, 0 < to < SUC L that 

(t>f(2n+i+jg/d) (t) = 0 mod p, j = 0,..., d - 1. 

Proof. If (ff( 2 n+i) (P) ^ 0 mod p for to = 0,..., then, from Mirimanoff congru¬ 
ences we derive that B p _j^n+ 1 ) = 0 mod p, n = 0,..., 9 f% d - If there exists one 


to, 0 < to < with <ff{ 2 n+i) fi) = 0 mod p apply corollary |1 1.4 p. 119 . 


□ 


11.2 FLT results in intermediate fields Q C K C Q(C)- 

Let, as previously, denote u a primitive root mod p. Let a : Q(C) —> Q(C) be the 
Q -isomorphism defined by a : £ —* ( u . Let g G N, g > 2, 5 dividing p — 1. Let 

A" be the intermediate field, Q C K C Q(C), [A - : Q] = g. We suppose, in this 

subsection that p does not divides h(K/Q), class number of the extension K/Q. Let 
s be the integral ideal of Z[(\ with ( x + C,y)Z[C,] = s p . Let C = cr 9 *(s). We 

have C = cZ[(], where c is an integral ideal of K/Q. Then, 


(p- 1 ) 3-1 (p-i)/ff-i 

n (x+r-y)zK]= n ^(8^=^]. 

2=0 2=0 


From hypothesis, p does not divide h(K/Q), and so we get 

(113) 


Yl (x + C gi y ) = 
i=0 

7 G Z[(], JjGZjC + C 1 ]’, to G Z, 0 < to < p — 1. 


We shall apply this results when 3 divides p — 1 and g = . 

Theorem 11.6. Suppose that 3 divides p — 1. Let A' fre f/ie /te/d QcLc Q(C) with 
[K : Q] = 2^1. 7/p does not divide h(I\/Q), class number of the extension AT/Q, 
then the first case of FLT holds for p. 


Proof. Let g = From equation (113) p.|120|, we get, similarly to proof of theorem 


9.1 p.89, for m > 1, 


(p-i)/s-i 


( t > 2m+l(f ) * 'y ' 


TO 


2m+l _ 

Qi 


= 0 mod p. 


i=0 
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Then, for m = 1, we obtain 


2 

03 (f) x = 0 mod p. 

i =o 


But 3 g = p— 1 and so u 3p * = 1 modp. Then, we should have 3x 03(f) = 0 modp, which 
is not possible, because 03 (f) ^ 0 mod p : in fact 03 (f) = 0 => Ps(— t) = 0 mod p , 
where P^(—t) = — f(l + f) is a Kummer Polynomial, see for instance |3fj |, 4D p 125; 
but (1 + f) = ^ 0 mod p because we assume in this article that p > 5 and 

therefore that y — x ^ 0 mod p. □ 

Remark: In comparison, when g = Vandiver’s conjecture asserts that 

h(K/Q) = /i(Q(0 + C 1 )/Q) ^ 0 mod p and there was several failed tentatives of 
proof of first case of FLT assuming Vandiver’s conjecture. 


11.3 Fermat equation in quadratic subfield of Q(C)/Q- 

Let us define 5 P e (—1,1} by 5 P = 1 if p = 1 mod 4 and 5 P = — 1 if p = 3 mod 4. 
Then the quadratic field Q(y %jp) C Q((). 

Lemma 11.7. For 1 < j < we have P = cr J 2 ( s) = QZ[(], where Q is a 

principal integral ideal of the quadratic field Q{y/S p p). 

Proof. Note that : C —► Q u ^‘ ^ is the identity map. Note that 02 oa{ = <r^ +1 . 

Compute S = o^dlp^c) 3 ^ 2 (J 2 ( S )) w h ere we recall that (x + £y)Z[£] = s p . We have 

(P— 3)/2 

5= n ^ +i (s) 

1=0 

(P-31/2 

s=( n ^(s)) x 4 p_i)/2 ( s ) 

(114) 9=1 

(p—3)/2 

5=(n ^(s)) x s > 

S = P. 
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Therefore, from < 72 (P) = .P, there exists an integral ideal Q of Q(y/S p p) such that 
P = QZ[£]. The order of the class of the ideal P of Z[£] is 1 or p. Then, the order 
of the ideal class of Q in Q(^/d p p) is 1 or p. From classical upper bound of the class 
number of the quadratic number fields, the ideal Q is principal in Q{^/5 p p). □ 

Lemma 11.8. Let p = 3 mod 4. Let A be the ring of integers of Q(y/—p). Then the 
Fermat equation in A implies 


(p—3)/2 

(115) JJ (x + C 2i y) = 7 P , 7 e A. 

i=0 


Proof. We have Il!=o 3 ^ 2 ( x + ( U2i y) E A. From lemma (11.7) we get 


(?—3)/2 

JJ (x + C U 2 i y) = e X 7 P , eGZ[(]*, 7 E A 

i =0 

Therefore e E A. We have Q (y/—p) C Q(C)- Then the result is an immediate conse¬ 
quence of the structure of units group of imaginary quadratic extension of Q(\/~p) 
with I 0 A. □ 


Lemma 11.9. Let p = 1 mod 4. Then 


(p- 3)/2 

(116) JJ (x + ( U2i y) = £ x 7 P , 7 E A, e E A*. 

i=0 


Proof. Here A is generated by a fundamental unit 


£0+Vp£l 

2 


□ 
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12 FLT first case: Elementary congruences on 

t = —- mod p. 
y 1 

Let t = —| mod p. The definitions of section ( |8.2| ) with / = min({e p + 2), the 
sets If = {gi | i = 1,..., /} and with the sets L(If) = {k \ i = 1,..., /} used 
in proposition (j‘2j) are available in this section. 

• The two first subsections gives a system of polynomial congruences of t: we 
conjecture that this system of congruences is strong and contains a proof of 
first case of FLT. We prove also that order a of t mod p , the smaller a £ 
N, a > 1, t a = 1 mod p. verifies a > e p + 2. The two subsections gives two 
method of proof of these congruences. 

• In the third subsection, we prove, from symmetries on Mirimanoff congruences, 
that ((ip-iit 2 ) = 0 mod p, and we derive a proof of this particular case of 
Fermat-Wiles theorem : if p\\(x — y){y — z)(z — x), x,y,z £ N — {0}, then 
x p + y p + z p 0. 

• In the fourth subsection, we obtain a set of p — 1 explicit congruences P m {t ) = 
0 mod p, Pm(T ) £ F p [T], m = 1, ...,p— 1 and also as a consequence 
</>p_ 2 (t 2 ) = 0 mod p. 

12.1 A First elementary approach 

Theorem 12.1. *** Let t £ N, t= —| mod p. Let any set If = {gi \ i = 1,..., /, 
and L{If). Let us, for i = 1,...,/, A: = l,...,p — 1, define mu- £ N by the 
congruence 

(117) gi x mjfc = k mod p, 1 < niik < p — 1. 

Then, we have the p — 2 congruences: 

f 

(118) x{(t mifc +t p - mife )-(t mil +t p - mil )} = 0 modp, fc = 2,...p-l. 

2=1 

Reciprocally, if 
f 

J2(kg*) X + t p “ mife ) - (t mi1 + t p ~ m n)} = 0 mod p, k = 2,...p—l. 

2=1 
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then 


f 


E 9ih ST'' 

(nr. 4- f9in\ 


/ 


9ik 


“ (® + C 9i y) ~ J 1 ( X + C 9i v) 

Proof. From proof of theorem |9.l| p.[39| the relation 
/ 


= 0 mod p 


E 9ik 

(nr. A- C9in\ ^ 


/ 


9ik 


= 0 mod p 


“ (® + C ffi y) “ ( x + C 9 i y) 

is equivalent to the relation (83) p.|90| 

(119) 

F( C) = 

/ 

X (x^ 1 - C^ p ' 2 y + C 2 gi x p ~ 3 y 2 - c {p - 2 )gi xy p - 2 + c(p-^yP- 1 ) 


2=1 

/ 

+ x (x^ 1 - C 9 i x p - 2 y + C 2 gi x p - 3 y 2 -C“ (p ' 2)j W 2 + C^'V" 1 ) 

2=1 

= 0 mod 7T P_1 . 


Compute the coefficient of f k in expression of F(Q; there exists one E Z such 
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that we have, for all fc, 1 < k < p — 1 : 

( 120 ) 


*=/ 


i=l,girriik=k lTlOQ p 

i=f 

+ E (49?) x ((-1)"4(^)"4) = Qfc mod p, 

i=i,(-gi)m' ik =k mod p 


i=f i=f 

E (49?) x t mik + E (4.9?;) X t m ik = a k mod p, 

i=l,girriik=k mod p i=l,(— gi)m' ik =k mod p 

i=f i=f 

E (49?) X t mifc + E (49?) X t p_mife = a k mod p, 

i=l,girriik=k mod p i=l,girriik=k mod p 


i=f 

S k = E (49?) x +t p_mifc ) = a fc mod p, fc = l,...,p-l. 

i=l,gimn.=k mod p 


From relation 119 p. 124, we derive that S*. — <Si = 0 mod p. then we obtain the 
result, computing S k — S\. 

□ 


Theorem 12.2. *** 

Let f be an integer with p — 2 > / > min(e p + 2, 2^i). 

Let Ef be any set 

E f = {gi<E N | i = l,1<9?<P-1}- 
Let 6e any set 

K f = {kj£ N | J = l,...,/, 1 < < p — !}• 

Let us note, fori = l,...f, j = 1,...,/, 

rrtjj = x kj mod p, 1 < m,j < p — 1, 
dtj = (t mij ' + t p “ m ^) - (t mil + t p “ mil ). 

If the first case of FLT would fail for p then 
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the determinant 


A f (t) 


dll .. 

. djl .. 

■ 6 fl 

dlj 


■ Ofj 

01/ 

Oif .. 

■ e ff 


= 0 mod p. 


Proof. 


• Note, at first, that if gt 1 = gi 2 for some l<*i<i 2 <p—1, then ra, u = mi 2 j 
for j = 1and A f(t) = 0 because it has two identical columns. In the 
same way, if k J1 = kj 2 for some 1 < ji < j 2 < p — 1, then rrii n = for 
* = and Aj(t) = 0 because it has two identical rows. 


• Suppose then that 


Ef = {gi e N, i = 1,... , f, l<gi<p-l, i ^ 9i ^ 9i'}- 

K f = {kj £ N, .7 = 1,...,/, 1 < % < P -1, j + f =>• % + kj,}. 


It is then an immediate consequence of the system of / first congruences of the 
previous proposition 12.1 p.123 on the / indeterminates X\ = l,g % mod p, i = 
1 ,•••, / with I f = E f . 


□ 


12.2 A second elementary approach 

Theorem 12.3. *** Let i 6 N, t = — | mod p. Let any set If and L(If). Let us, 
for i = 1,..., /, k = 1,... ,p — 1, define mu- £ N by the congruence 

(121) ^ x mik = k mod p, 1 < < p — 1. 

Then, we have the p — 1 congruences: 

f 

(122) ^^(ligi) x (t mik + t p ~ mik ) = 0 mod p, k = l,...p—l. 

2—1 

Reciprocally, if 

f 

y^Xhgi) x (t mik + t p ~ mik ) = 0 mod p, k = 1,... p — 1. 

2=1 
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then 


E l/7 ho x ho 

7---r + 7---r = 0 mod p 

, =1 (.x + C 9 i y) ^ ( x + C 9 i y) 

Proof. Let us consider, for the indeterminate X, the rational function F(X) G Q(X) 
defined in relation ( [S3l) p.poj and (p0|) p.||. 


Sdi 


f 

■+E- 


9i^i 


P-1 


P-1 


F(X) =J2gik x + 5^(-l) m ® p - 1 - ra y m JST- mfli ) 


2=1 


ra =0 


m=0 


From theorem (??) p.?? we get F(l) = F' x { 1) = F x \ 1) = • • • = ^ = 0 mod p. 

Considering congruences mod p we can use the lighter notation 


/ p-i p-i 

F(X) =J^9i l i x (^2{-l) m (-t) m X m9i + ^2(-l) m (-t) m X- m9i 

2=1 m =0 m=0 

/ 


and 


so 


ra =0 

P-1 


r-mgi > 


/ P-i P-i 

F(X) = ^ x ^ 

2=1 m=0 m=0 

We compute F x ^(X). We have 

{X m9i )%~ l) = m gi x (mgi - 1) x ... (mgi - (p - 2)) x = a* x x^-fr" 1 ). 

If a,; ^ Q mod p then — (p — 1) = 0 mod p and, from Wilson theorem, 

I mod p. Then, 


(X™*)!! 1 = -9ik, mgi = p - 1 mod p. 

In the same way, we find that 

(• X _m3i )x=i } = ~9ik, rngi = 1 mod p. 
and finally, from ^(1) = 0 mod p, that 

/ 

^ gik x {t mi + = 0 mod p. 

2 = 1 , m^j=i mod p 


127 






The same computation for F^ p 2 ^(X ) leads to the congruence 


/ 

i=i, m i)2 x ^=2 mod p 
f 

- ( x (t mi + + t p ~ m ^)) x(eO mod p, 

2 = 1 , x 5^=1 mod p 


x (t mi ’ 2 + t p mi ’ 2 ) = 0 mod p, 


i=l, 771 ^ 2 x 31=2 mod p 


and so on. The proof of reciprocal result is similar to theorem 12.1 p.123. 


Theorem 12.4. *** 

Let f be an integer with f > min(e p + 2, Ap). 
Let Ef be any set 

E f = {g t G N. z = l,...,/, l<ft<p-l}. 
Let A'y 6e any set 

A/ = {% G N, J = l,l<fcj<p-l}. 
Let us define for i = 1,... f, j = 1, ..., / 


mjj = 1 x kj mod p, 1 < mjj < p — 1, 

9i G Ef, kj G Ay, 

0 l3 = (t mij + t p_m ^ mod p). 


If the first case of FLT would fail for p then the determinant 


A/(t) 


0 11 .. 

■ On .. 

• e fi 

9ij 

9ij 

■ Ofj 

dif .. 

Oif .. 

■ 6 fS 


= 0 mod p. 


Proof. Similar to theorem 12.2 p.125 starting of theorem 12.3 p. 


Corollary 12.5. *** 

Let t = — - mod p. 
y 1 

Let f be an integer with f > min(e p + 2, Ap). 
Let u be a primitive root mod p. 


□ 


□ 
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Let IgN, 1 < l < p — 1. 

Let m £ N, 1 < l < p — 1. 

// f/ze first case of FLT would fail for p then 
the determinant Aj(t) = 


_|_ jp Um — l 

f^ u m—lxi _|_ jp ^m — lxi 

j^ u m — lxf _|_ -fP u m—l X f 

j^ u mxj — l _|_ -fP u mxj — l 

-fc u mxj — lxi _|- fP ^mxj — lxi 

f u mxj — lxf _|_ jp~ u mxj — lxf 

■£ u mxf—l _|_ jp~ u mxf—l 

-^ u mX f — Ixi _|_ fP~ u mX f — Ixi 

-£ u mX f — lX f _|_ fP~ u mX f — lx f 


verifies the congruence Aj(t) = 0 mod p. 


Proof. We apply theorem |12.4| p. 128 with the sets Ef = {ui> 
with the set K f = {u mxj | j = 1,..., /}. 


i = 1, • 


., /} and 

□ 


We give now two examples of application of theorem 12.4 p.125. 


Theorem 12.6. Suppose that p = 3 mod 4. Let as usual u he a primitive root modp. 
Then we get the p — 1 congruences 


(123) 


(P—1)/2 

« 2 i x (t nii ’ k + t p ~ mi ’ k ) = 0 mod p, 

2=1 

fc = 1, ... ,p — 1 , U 2 i x = A: mod p, 1 < < p — 1 . 


which gives for k = 1, 


(p-i)/2 

(124) ^ ri 2 i x (t u ~ 2i + t p ~ u ~ 2i ) = 0 mod p, 


Proof. Apply theorem 12.3 p.|12f 


□ 


Theorem 12.7. *** On order oft modp 

Let a E N 6e f/ie order of t mod p (the smaller integer different of 0 such that 
t a = 1 mod pj. Then, if first case of FLT fails for p, a > 

Proof. Suppose that a < and search for a contradiction: It is always possible to 
choose f = e p + 2 and gi , z = 1 ,...,/ — 1 such that 

Pi = z _1 a _1 mod p, z = l,...,/-l, 

Ifei = 1. 
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Then, we have, from hypothesis on a applied to theorem 12.3 p.|12E|, 


ma = ix a, i = 1,1, 

0 < mil < P, 

t mn = t ixa = 1 mod p. 


It is also possible to choose gf and gf x m/i = 1 mod p, so such that t mfl -\-t p m f 1 ^ 
1 +1 mod p ; then, from theorem 12.3 p.[126|, we get 


/ 

YM x (1 + 1) + Ifgf x (t mfl +t p ~ mfl ) = 0 mod p. 


But, from lemma 8.7 p.gj, we have ^i=i 
fp—mfi — ^ ^ moc j p ; contradiction. 


liPi = 0 mod p which would lead to f” 1 ^ 1 


12.3 A partial proof of FLT first case with symmetric 
sums of Mirimanoff polynomials 

Recall some results seen previously 

• Let x,y,z G 7L — {0} verifying Fermat’s equation x p + y p + z p = 0. Let, without 
loss of generality, t = — | mod p, t £ N, 1 < t < p — 1. 

• Let T be an indeterminate. Let <p m (T), m = 1,... ,p — 1, be the Mirimanoff 
polynomials: 

p- 1 

(125) 4>m(T) = Y * m_1 x T '• 

m=l 

• The Mirimanoff’s congruences used here are 

4>m(t) x (j)p-m{t ) = 0 mod p, m = 1,... ,p - 1. 

• Let us define S(T) = Y?m=i ) x f p _ m (T). 

Lemma 12.8. 

S'(T) = — i^p_i(T 2 ) mod p. 

Proof. From previous definitions, we get 

p—1 p— 1 p—1 

5 ( r ) = E £* m_1 x T *) x x Tj )- 

m= 1 j =1 
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With a reordering of finite sums, we get 


p— 1 p— 1 p— 1 

S ( T ) = EEE , m _ 1 x ^-p-rn-l x T *+J. 

m— 1 j = l 

We collect the terms with i = j to obtain 

p— 1 p—1 p— 1 p—1 p—1 

*m = EE E im_1 x jP-m- 1 x jii+j EEc-'xr-'xT 8 

m=l 2=1 j=l, j'^2 m=l 2=1 


But 


p—1 p—1 p— 1 

EE E i m—1 x jP~ m ~ l x T i+j = 

m= 1 2=1 j = l, jy^i 

p— 1 p— 1 p— 1 

^ ^ ^ i™- 1 x jP-™- 1 X T l+ E 

2=1 j=l, j/im=l 


But, from i / j, 


p —1 p—1 

^ i” 1 " 1 x jP-™" 1 x T i+j = f~ 2 x i” 1 " 1 x j-l” 1 - 1 )) x T i+j = 

m= 1 m=l 

p- 1 ^ ^ _ 

) x T* +J = 0 mod p. 


^2 i m ~ l x jP-™- 1 x T i+ i = jP ~ 2 x ( 

772= 1 

Therefore, we get 


iP- 1 x j-fr- 1 ) - 1, 


i x j -1 — 1 


also 


and finally 


p—1 p—1 

S < T > s E E . m _! x -p-m-1 x T 2i mod 

m= 1 2=1 

p—1 p—1 

■sen s E E jP 2 x p2i mo( ] 

m= 1 2=1 


which achieves the proof. 

Lemma 12.9. Let S- 2 {T ) = Yln=i ^ 2 faniT) x </> p _ 2n (T). T/ien 

^(T) = x </> p _i(T 2 ) mod p. 


□ 
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Proof. From previous definitions, we get 


(P—!)/ 2 p-1 p-1 

s 2 (t)= e (E* 2n_lxr 0 x (E^~ 2n ~ lxTj )- 

n=l j=l j =1 


With a reordering of finite sums, we get 

(p-i)/ 2 p-i p-i 

&(r)= E EE j2n—l x jp—2n—l x 

n=l i=l j=l 

We collect the terms with i 2 = j 2 to obtain 

(p-i)/ 2 p-i p-i 

s 2 (t) = e E E * 2n_1 x / _2n_1 x 

n=l i=l j=l, j 2 ^i 2 {p) 

(p-1)/2 p-l 

+ e E i2n_1 x ^ _2n_1 x T 2i 

n= 1 i=l 
(p—l)/ 2 p—1 

+ e E i2n_1 x (-/) p “ 2n_1 x t p . 

n =1 i=l 


(P-1)/ 2 P-1 P-1 

E E E i2n ~ l x f~ 2n ~ l x = 

n=l i=1 j= 1 , j 2 ^i 2 

P-1 P-1 (P-1)/ 2 

E E E * 2n_1 x /' 2n_1 x r+E 

i= 1 j= 1, j 2 ^i 2 n =l 

But, from i 2 ^ j 2 mod p, 

(p—l)/ 2 (P-1)/ 2 

E i 2n_1 X jP- 2 ”- 1 X T i+ ^ = /“ 2 x ( E ^ 2n_1 X j -(2n-1) ) X T i+ E 


We have, from i 2 ^ j 2 mod p, 


(p—l )/ 2 (p—l )/ 2 

E i 2 n - i j-( 2n - i) + e * 2 n r 2n = o mod P , 

n =1 n=l 

(p—l )/ 2 

E i 2n j~ 2n = 0 mod p, 


132 



Therefore Y^=\^ 2 * 2n 1 3 ^ 2n ^ = 0 mod p, so for i 2 ^ 0 mod p, 
(p—1)/2 

^ ^2n— 1 x jp—2n—l x T *+J = g mod p . 

n= 1 

Therefore, we get 


(p—1)/2 p—1 (p—1)/2 p—1 

5 2 (T)= ^ ^iP-2 xT 2* + ^ ^r 2 rmodp, 

71=1 1=1 71=1 1=1 


also 

(p-l)/2p-l 

5 2 (T) = iP ~ 2 x r2 * mod P' 

71=1 1=1 

and finally 

S2(T) ee ^ x cf)p—i(T 2 ), 

which achieves the proof. □ 

Lemma 12.10. Let x p + y p + z p = 0, ixyxz^O mod p, be the Fermat equation, 
first case. 

1. fi p -i(-t) = fip-i(t) = fi p -i{t 2 ) = 0 mod p. 

2. If x = y mod p then x = y mod p 2 . 

3. If x ^ y mod p then (x — y) p_1 = 1 mod p 2 . 

Proof. From lemma |12.9| p. |131| and from Mirimanoff congruences [125| p. |130| , we 
derive that (j> p -i(t 2 ) = 0 mod p. From Ribenboim |39|] relation (1.23) p 144, we get 

, . 2 , 1 - t 2p - (1 - t 2 ) p 

4>p-i(t 2 ) = -= 0 mod p, 

p 

so 

1 - t 2p - (1 - t 2 ) p = 0 mod p 2 , 

and so 

(1 - t p ) x (1 + t p ) - (1 - t) p x(l + t) p = 0 mod p 2 . 

From Ribenboim [^] p 145 we get </> p _i(t) = 0 mod p, so 


1 - t p - (1 - t) p 

p 


0 mod p, 
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so 


1 — f p — (1 — f) p = 0 mod p 2 . 
From these relations, we get 

1 +t p - (1 + t) p = 0 mod p 2 , 
because 1 — t = jk 0 mod p. Thus 


(1 + t p ) - (l + t)P 

p 


= = 0 mod p. 


Also 


and so 


,x. 


1 — ( — ) p — (1 — — ) p = 0 mod p , 

y y 


y p — x p = (y — x) p mod p 2 . 

But, from x p = x mod p 2 and y p = y mod p 2 , classical Fermat result, we get 

y — x = (y — x) p mod p 2 , 


also 

(y — x) X (1 — (y — x) p_1 ) = 0 mod p 2 . 

Therefore y — x = 0 mod p implies that y — x = 0 mod p 2 and y — x ^ 0 mod p 
implies that (y — x) p ~ l — 1 = 0 mod p 2 , which achieves the proof. □ 

Remark: observe that the assertion y — x^ 0 mod p =>■ (y — x) p ~ l — 1 = 0 mod p 2 
can be directly derived of second Futwangler theorem, see for instance Ribenboim, 
@ (3C) p. 169. 

Theorem 12.11. *** A particular case of Fermat-Wiles 

Let x,y, z G Z — {0}, pairwise coprime. Then p\\(x — y) x (y — z) x (z — x) implies 
that x p + y p + z p 0. 


Proof. 

• Suppose that second case holds and search for a contradiction: If p\\(x — y) then 
x x y ^ 0 mod p, so p\z, and also p\2x p =5- p\x, which is not possible because 
gcd(x, z ) = 1. 


lixxyxz^O mod p, then the theorem is an immediate consequence of lemma 


12.1C p. tt3 


□ 
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12.4 Some elementary congruences derived of Mirimanoff’s 
congruences- II 

Recall that in exponential congruences, we denote a b ^ and not a b m °d P m 

In this subsection, starting from the Mirimanoff’s congruences <j> m (t ) x <j> p - m (t) = 

0 mod p, m = 1 ,... p — 1, we prove the set of elementary explicit congruences 
mod p: 

Theorem 12.12. *** 

t = — | mod p verifies the strong set of p — 1 congruences 
p -1 

^2 j P ~ 2 x t k3< ' p " >+ ^ = 0 mod p, k = 1 ,... ,p — 1. 

1= 1 

Proof. We have, from Mirimanoff’s congruences, see Ribenboim |39|] (IB) p 145, 

<t>m{t) X (f>p-m(t) = o mod p, m = 1,... ,p - 1, 
also, expliciting Mirimanoff’s polynomials, 

p—1 p—1 

(E* m_1 ^) x £r m "¥) = 0modp, m=l,...,p-l. 

i=l 1=1 

This relation leads to 

p—1 p—1 

E Eto'” 1 )™- 1 x r 1 x f+^, m = i,... , P -1. 

*=11=1 

Let ip 1 = k mod p, 1 < k < p — 1, so with i = kj mod p. We get 

p—1 p— 1 

E ^{Er 1 x t kj(p)+j } = o mod p. 

k =1 1=1 

Let Xfc G N, Xfc = X^fc=ii _1 x t k3 ^ +3 mod p. We obtain the set of p — 1 linear 
congruences of the p — 1 indeterminates X^, k = 1,... ,p — 1, 
p-i 

E fc m_1 xlfciO mod p, m = 1 ,... ,p — 1. 
k =1 

This system has only the trivial solution = 0, k = 1,... ,p — 1, because the 
Vandermonde determinant 

¥ |fc=i,...,p— l, m=i,...,p— l ^ 0 mod p, 

which achieves the proof. □ 
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Corollary 12.13. </> p _ 2 (t 2 ) = 0 mod p. 


Proof. Immediate consequence of theorem 12.12 p. 135. 


□ 


Remark: In Numerical MAPLE investigations, we have noticed that, for the 
indeterminate T, 


p -1 

Yj 171 - 1 X T kj ( p) = c k ,m X <t>m(T) mod p, m = 1,... ,p — 2, k = l,...,p—l, 

3 = 1 

C-k,m £ F p [f7l, fc]. 

For instance 


p -1 

Y^ 2 x ^ = (p — &) x 0 p _i(T) mod p, k = 1 ,... ,p — 1 . 

1=1 

12.5 Numerical MAPLE applications and a conjecture 
implying first case of FLT 

The theorem H3 p.?? gives Nf = (Cp_ 1 ) 2 polynomial exponential congruences 
A f(t) = 0 mod p where the polynomials A f(T) G Z[T] are explicitly computable on 
If = {pi,..., gj}. In our opinion, these congruences are a strong tool for a full proof 
of first case of FLT (try to combine some of them to give a contradiction). We conjec¬ 
ture that these congruences are never all simultaneously possible. Towards this di¬ 
rection, let for the prime p. the polynomials A i(T) mod p, 1 = 1,..., Nf. We give a 
verbatim MAPLE list of a program that factorize Gcd(Ai(T ) mod p, 1 = 1,..., Nf) 
in the finite field F p [T]. We have in fact in this example computed the Gcd of a subset 
of this set of N f polynomials for / = [|], (observe that for a lot of p-cyclotomic fields 
Q(C), and even probably all, we have e p < [|], so it is possible to take / = [|]. We 
have defined Aj(T) mod p by : 

/ = [§], 

, !,£,_/ 

b max — L 2 -I J ’ 

gi = i, i = 1,..., f, 
kj=j + l , J = l, •••,/, 
rriij = gf 1 x kj mod p. 

The program computes Gcd(Ai(T) mod p, 1 = 1,..., l m ax)- We have found for 16 < 
p < 70, that Gcd(Ai(T) mod p = (T + 1) x (T + p— 1). We have not pursued because 
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our CPU computer is slow to compute determinants of rank > 70. Nevertheless, the 
numerical evidence that we observe in these computations lead us to : 

Conjecture 


Gcd(A*(T)) mod p, l = 1,..., N f ) = (T + 1) x (T + p- 1). 


• Observe that in all examples computed for 16 < p < 70, it was enough to take 
the gcd of two polynomials Ai(T) mod p and ^(T) mod p, which reinforces 
strongly our congruence. 


Observe that this conjecture and theorem (12.4) implies First case of FLT, 
because (t + 1) X (t+p — 1) ^ 0 mod p\ it is the same proof than in subsection 


?? p 7 ? 


# This MAPLE program gives a numerical "obviousness" that # theorem 9.4 implies FLT 
> # - 

> # the m_ij g_i k_j theta_ij are those of Theorem 9.4 

> # Delta_k(T) mod p, k=l,...,N_f 

> restart: 

> with(linalg); 

> p_inf:=7: 

> p_sup:=50: 

> p:=p_inf: 

> while p < p_sup do 

> p:=nextprime(p): 

> f:=trunc(p/3): 

> lm:=trunc(p/2): 

> print (‘p =‘,p ) < f = lm = ‘,1m): 

> print (‘-‘) : 


> T_T:=expand((T+l)*(T+p-1)) mod p: 

> r:=array(1..lm): 

> k_j:=array(l..f): 

> g_i:=array(1..f): 

> Delta:=array(l..f,1..f): 

> for i from 1 to f do 

> for j from 1 to f do 

> delta[i,j]:=0: 

> od: 

> od: 
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> # - 

> for 1 from 1 to lm do 

> ind_r_gcd:=0: 

> for i from 1 to f do 

> g_i[i]:=i&~(p-2) mod p: 

> od: 

> for j from 1 to f do 

> k_j [j]:= j+1 mod p: 

> od: 

> for i from 1 to f do 

> for j from 1 to f do 

> tem_i:= g_i [i](p-2) mod p: 

> m_ij:= k_j[j]*tem_i mod p: 

> theta_ij:=T~(m_ij)+T~(p-m_ij): 

> Delta[i,j]:=theta_ij: 

> od: 

> od: 

> #- 

> #print(Delta): 

> v_Delta:=Det(Delta) mod p: 

> v_Delta:=expand(v_Delta) mod p: 

> #print(‘p = < ,P» < 1 v_Delta =‘,v_Delta): 

> #- 

> if v_Delta = 0 then 

> print(‘p = t ,p ) < 1 v_Delta = ‘,v_Delta): 

> fi: 

> #- 

> if v_Delta <> 0 then 

> b_T:=(T~(p-l)-l) mod p : 

> r[1] :=Rem(v_Delta,b_T,T) mod p: 

> r[1]:=expand(r [1]) mod p: 

> r[1]:=Gcd(r[1],b_T) mod p: 

> #- 

> if 1 = 1 then 

> r_gcd:= r[l] mod p: 

> print(‘p =‘,p, ‘ 1 = ‘,1,' r[l] = ‘,Factors(r [1]) mod p): 

> print(‘p =‘,p,‘ 1 = ‘,1,‘ r_gcd =‘,Factors(r_gcd) mod p): 

> fi: 

> #- 

> if 1 > 1 then 
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> 


r_gcd:=Gcd(r_gcd,r [1]) mod p: 

> print(‘p =‘,p,‘ 1 = ‘,1>‘ r[l] = ‘ ,Factors(r [1]) mod p) : 

> print(‘p =‘,p,‘ 1 = ‘,1>‘ r_gcd = ‘ , Factors (r_gcd) mod p) : 

> if r_gcd = T_T then 

> print(‘ ***** criterion ok **** ‘,\ 

> ‘p =‘,p,‘ 1 = ‘ ,1, ‘ r_gcd = ‘,\ 

> Factors(r_gcd) mod p): 

> break: 

> fi: 

> fi: 

> fi: 

> #- 

> od: 

> if r_gcd <> T_T then 

> print(‘ ***** criterion not ok **** ‘,\ 

> ‘p =‘,p, ‘ r_gcd = ‘ A 

> Factors(r_gcd) mod p): 

> fi: 

> print(‘#############################‘) : 

> od: 
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13 FLT first case: Representations of Gal( Q(C)/Q) 
approach 

We give as applications : 

1. A connection between Mirimanoff’s polynomials and representations 

2. A connection between relative class group C~ structure and congruences on 
Mirimanoff’s polynomials 

3. A relation between Fermat’s congruence p-rank r and p-rank r\ of the action 
of G on the ideal s, s p = (x + £y)Z[£]. 

4. An application of Eichler’s theorem in intermediate fields Q C K C Q(£). 

The notations and results of previous sections are used in this subsection. 

• Recall that the ideal s is such that s p = (x + (y) Z[£]. 

• In proposition ^ p.|7(| , we proved that there exists Lf = {/, | i = 1,..., /}, 

such that the ideal n,C=o is principal. 

• We shall translate this result, mutatis mutandis, to the principal ideal ]{[R 0 
found in relation ( |l0|) p. 

• With the language of representations, the polynomial P ri (U) = [~['=i(^ ~ A 4 *) 
on the indeterminate U is the minimal polynomial such that P ri (a) annihilates 
the class of ideal s, also denoted s Pr i ^ ~ Z[£]. 

• The rank r\ has two components and corresponding to ranks of subgroups 

of the p-class groups C~ and C*+ of Q(£) with r\ = + rf. 

• Recall that, for r defined in relation (p5| ) p.|95|, we have 

r- 1 = Card{{(t>* 2m+l {t) # 0 mod p | 0 < m < y^}), 

r - 2 = Card({</> 2 m+i(t) ^ 0 mod p | 1 < m < P 3 }). 

• I^ = {2m+ 1 | 0 < m < 4>2m+i(t) ^ 0 modp} with Card(I = r— 1. 

• M ri = {pj | i = 1,..., ri}, with the meaning of pj of theorem (fO|) 


21 


140 





• With the language of representations, Let P r (U ) be the minimal polynomial of 
the indeterminate U such that 

( ) PAa) = 1 mod n p+ \ P r (U) = nV - Mj')- 

x + C y “ 

equivalent to 


r—1 

n< 

i=0 


x + C Ui y 
x + C~ Ui y 


) ni = 1 mod 7T P+1 , 


no ^ 0 mod p, n r _i ^ 0 mod p. 


13.1 Connection between Mirimanoff’s polynomials and 
representations 

Theorem 13.1. Suppose that first case of FLT fails for p. Then, for each 2 mj + 1 G 
Itj, — 1 , j = 1 ,... ,r — 2, there exists ij, 1 < ij < r\, with 


(126) 


^2m ? -|-l — ftin') 


where i = 1,..., n, are those of representation theorem (2.c ). 

Proof. 

• From relation (1C) p.21 with d = 1, the ideal ri;i=o °’ ? ( s )^ 1 ^ 1 ’ xS ' r i-*( 1 ) is a 
principal ideal; in relation (|7^) p.77,we considered the principal ideal nt„V(sy 
the relation (|7^) p. 77 is replaced by the relation ( |l0| ) p.^l|, where f> 2 m+i(t) ^ 

0 mod p exactly for the same values of 2m + 1 depending only on p and t. 

• Then 


r i 


(127) 


1> + c Ui y) { ~ 1)ri =Cxyx 7 P , 

i =0 

uGN, 0<v<p— 1, + 7 G Z[(], 

where, by comparison, in relation (72) p.|77|, we had 


/-i 


J]_{x + c Ui y) k =mxY, m gZ[c + C 1 ]*, 7ez[c], 


i=0 

(with here = !)• 
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Then, from foundation theorem 3.1 p.|89| , we obtain the polynomial congru¬ 
ences: 

ri 


</»2m+i(i) x YX-l) n 1 x Sri-i(l) x u (2m+1)xi = 0 mod p, m= 1,... 


p — 3 


i=0 


and so 


r i 


(128) ^(-l) ri -‘ x S ri _i(l) x u( 2m i +1 ) xi = 0 mod p, j = l,...,r-2. 


i =0 


The fact that v can be here different of zero had induced to disgard the case 
m = 0 (or 2m + 1 = 1), corresponding to ^2m+l (t) = 1, in theorem |9.1| p]89|, 
so to disgard the congruence corresponding to m = 0 involving the sum 

n_ 

^^(—l) ri_l X S ri -i(l) X u l mod p. 
i =0 


Then the relation (128) p. 142 leads algebraically to 


ri 


- Hi) = 0 mod p, 


i= 1 

so there exists ij, 1 < ij < r\ such that U2 mj +i ~ hi : , = 0 mod p, which 
achieves the proof. 

□ 

Another point of view for a similar result, the representations approach : let us 
consider the Fermat’s minimal multiplicative congruence 

TT( X+ T y r = 1 mod vrP +1 . 

x + C Ui y 


i=0 


This can be written, in representations notations, with P r (cr) = n -Ziiv-H) e F P [G], 


(129) ( x + cy j Pr{a ) = 1 mod n p+ 1 . 

* + C "V 

Lemma 13.2. Let us note p = rf. The polynomials P p (U) and P r (U) of the inde¬ 
terminate U verify the relation 

Pr(U ) | P p {U) X (U-U). 
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Proof. The ideal (|) Pp ( a ^ is principal. In terms of congruences, it induces that 
(130) ( X+ } V i ) Pp[a) = C 1 mod 7r p+1 , Vl € N. 

x + C y 


Observe that U — u does not divides P p (U) from lemma [LfQ p|2G| derived of Stick- 
elberger theorem; this implies that v\ ^ 0 mod p in this relation. We derive that 


(131) ( X+ } V t )WxO-n) = l mod nP +i 

v ’ v x + C~V 

From the definition of r and from the relations ( p_29[ ) p. |142| and ( |131| ) p. |143| , we get 
r — 1 < p + 1. Observe at first that definition of P r (U) implies that (U — u) \ P r {U). 

Let us make the euclidean division of P p (U) x (U — u ) by P r (U) in F p [U]: 

P p (U)x(U—u) = P r {U)xB(U)+R(U), B(U), R(U) G F p [U], deg{R(U )) < deg(P r {U)). 

The remainder R(U) cannot be different of zero : if not, we should have 

^ + Cy R{a) = l mQd nP+1 
V x + C ~ l y 

which contradicts the minimality of P r (U). Therefore P r (U ) divides P p {U) x ( U—u ) = 

(YlLi(u-m))x(u-u). □ 


13.2 On rank r of Fermat congruences mod p 

Let us note G the Galois group of the field Q(C)- Recall that the ideal s is defined by 
s p = (x + (y)Z[ C]- We show that, when h + ^ 0 mod p, there is an explicit relation 
between: 


1. the p-rank r of FLT congruences mod 7r p+1 , previously defined in subsection 

L| pH 

2. the p-rank r\ of the F p [G] module resulting of G-action on the subgroup < 
Cl( s) > of C p , defined in subsection 2T p. 0 of this chapter. 

This subsection appears to be a strong gateway between the mod n p+1 congruences 

1, | p.| 


approach of chapters 

pjm 


1, and representation approach of this chapter 


Theorem 13.3. *** Let r bet the FLT congruences p-rank defined in relation (j55|) 
p.[Z^. Let ri be the p-rank of the F p [G\-module resulting of G-action on the subgroup 
< Cl( s) > of C p , defined in relation pfldj. Assume that p does not divide h + . 
Then the two rank verify the relation 


(132) 


r\ = r — 2. 
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Proof. We have shown in relation (p5[) p.95 that 


-f- - l ~r- -= 0 mod ir p 1 . 

f —' x + J .r ! £ "-// 


We have shown, from lemma |9.5| p.97 that this sum kind of congruence induces a 
product kind of congruence 

r r 

]Q(x + ( Ui y) k — + C~ Ui y) li = 0 mod tt p_1 . 

Z—1 i=l 

This congruence implies the polynomial identity, for the indeterminate X, 

r r 

]J(X + X Ui y) li - H(x + X p ~ u 'yf =px f(X) + (X p - 1) x g(X), 


i=l 

g(X) E Z[X], 


i=l 


which annihilates for X = 1, and so gives 

r v 

+ X Ui y) k - + X p ~ Ui y) li = p x (X - 1) x h(X) + (X p - 1) x g(X), 

i= 1 z=l 

/i(*) €Z[X\, 
and also 

r r 

U(x + C Ui y) li - n(- + C ~ Ui y) k = p x (C -1) x /i(C). 


z=l 


Z=1 


Let us denote 


w = 


n 


(x + C Ui y) k 

^ (x + C~ Ui y) li 
From these relations, we get immediately that 

w E Q(C), 

vo = 1 mod 7r p , 

LkJ — • 

From Washington, [68], lemma 9.1 p 169, we derive that the extension Q(£,zi7 1 / p ) 
is unramified at n and, from [E8|] exercice 9.1 p 182, that it is unramified at the 


others primes. Then, from [68] lemma 9.2 p 170, we derive that vo = f3 p , j3 E 
Therefore 

& e q(o 


VO = 
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and so 


11 a~ Ui (s) li 


also, we derive of this relation 


(3Z[C\, pe®[(] 


n;=i ° Ui ^? li = 


and finally, because h + ^ 0 mod p , 


r 

n^(s) 2 ^= 7 Z[C], 7 6 2(C). 

Z=1 


or 

r 

n^(s) Zi =7rZ[C], 7iGZ(0- 

i =1 


Therefore, from definition of ri, we deduce that r > r i + l. From relation (101) p.108, 
we get ri > r — 2, and finally r — 1 > ri > r — 2. Then we take the determination 
ri = r — 2 because here ri = ri” and r7 is the smaller natural integer such that 


x + (y x p r -(*) 

z + C _ V 


C mod vr p+1 , dEN, 


and we have seen that v ^ 0 mod p: the occurence of this extraneous factor leads 
to chose the determination r\ = r — 2 and not ri = r — 1. □ 


Remark: be carefull, the p-rank rf is the dimension of the F P [G] module 
generated by G-action on < Cl( s) >. Thus, the smaller not trivial relation involves 
rj” + 1 elements. In an other part, what we call minimal Fermat’s congruence rank r 
is the smallest number of elements for a mod congruence, and not the greatest r 
without not trivial congruences mod ir p . Therefore a residual difference of 1 between 
rf and r — 1 is explained by these terminology conventions taken in this monograph. 


13.3 On Eichler’s Theorem in intermediate fields 


Theorem 13.4. Let d £ N, p — 1 = 0 mod d, d < [y/p] — 1. If first case of FLT 
would fail for p then rj 1 . 


Proof. From relation (jh) p,l£ we get x d>r\. From Eichler’s theorem 8.12 p.87, 
we get r\ > [^/p ] — 1. Therefore r^x d> [^/p] — 1 which leads to the result. □ 
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14 FLT first case: Representations and con¬ 
gruences — 0 mod p. 

We have studied up to now the congruences <^> 2 m+i(i) = 0 mod p, 0 < m < 2^. 
In this section, we show that it is possible to give some important generalizations to 
congruences 4> m (t) = 0 mod p, m = 1,... ,p — 1. 


14.1 General properties of congruences (j) m (t) = 0 mod p. 

• Recall that u is a primitive root modp. Our approach, in proposition |2|p.|76| and 
theorem 822 p.fli], was to show that, for / e N, with > f > min(e p + 2, ^4), 
there exists Lj f = {U | IrN, i = 1 ,..., /}, such that 


(133) 


1> + C^ = ,x 7 ^, r, € Z[C + C" 1 ]*, 7eZ[C], 


i=l 

li £ N, 0 < i < p — 1, Iq 0, If 0, 

11 (^ 5 -)'' - 1 mod #>+\ 

J --*- x + C Ui y 

i=\ 

f f 

+ c Ui y) li - fj(® + C Ui y) li + o. 

i—\ i=l 


• Classically, Mirimanoff congruences assert that 

<f> 2 m+l{t) X -Bp—1—2m = 0 mod p. 

Observe that these congruences are only for odd Mirimanoff Polynomials (j) 2 m+i (i) 
because the odd Bernoulli Number are trivially divisible by p. We shall show 
that, more generally, we can obtain no trivial results also for Mirimanoff Poly¬ 
nomials (j) m (T). m = 1,... ,p — 1. 

• We can show that there exists f € N, /</'</ + 2^, such that 

S' 

]> + ( Ui y) ni = cf mod 7r p+1 , c G Z, c ^ 0 mod p, 
i= 1 

(134) rij G N, 0 < rtj < p — 1, no 7 ^ 0, rip ^ 0, 

S' S' 

H> + c Ui y) ni - E[( x + c ~ Ul y r ¥= 0 . 

i =1 i =1 
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To see these congruences, we apply Dirichlet’s boxes principle to unit p E 

(P-3)/2 

r?=± n 


2=1 


where 7p, i = 1,..., ^, are a system of fundamental units of Z[£ + £ 1 ]*, 

noticing that rf' 1 = rj^ i+oliP mod 7r p+1 , a* E Z. 


Therefore, we get 


f 

E 


Ui x m 


= 0 mod 7r p 1 


“ (z + ( Ui y) 

Then there exists a minimal Fermat congruence rank r' < + e p + 2, such 

that 

(135) 


E 


U'i'ft'i n j n—1 

= 0 mod 7r p . 


—' (x + C Ui y) 


We get now, similarly to foundation theorem 9.1 p.89, 

x S m (J r t) = 0 mod p, m = 1,... ,p - 1, 

(136) 

dmyJr') — 

2=1 


Sm(Jr') = ^2 Umi x n' mod p. 


The correspondance, mutatis mutandis , between previous theory and this sub¬ 
section is summarized in notations: 

/<—/', 
r «—» r', 

P _ ^ 

4 > 2 m +lWi m = 0,... —-— <—m = 1 ,.. . ,p — 1 , 

h* = {2to + 1 I 0 < m < (/>* 2 m+i(t) # o modp} 


iL* = {m | 1 < m < p — 1, </>m(t) ^ 0 mod p} 
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,m= 


14.2 The theorems on (f) m {t) mod p, 


We give now, for Mirimanoff polynomials <j) m (t), m = 1 ,,p — 1, the theorems 
corresponding to theorem 9.6 p.^, theorem |9.8| p jl03 , corollary |9.9| p. 105 and theorem 
9. 1C| p. |1Q5| for odd polynomials (f>2m+i(t ), m = 0, 


P~ 3 
2 


Theorem 14.1. *** Let t = —^ mod p. Let r' be the minimal rank of Fermat 
congruences defined in the relation (13i) p.lf.7. If FLT first case fails for p, then 
there exists exactly p — r' different values m, m £ N, 1 < m < p — 1, such that we 
have the Mirimanoff polynomial congruences: 


4> m (t) = 0 mod p. 


Moreover r' < ^±1. 

p.|98|. From Mirimanoff, see Ribenboim [^9| (IB) p 145, we 
get p — r' > which leads to the result. □ 

Theorem 14.2. *** If FLT first case fails for p, then there exists exactly p' = r' — 1 
different values m, me N, 1 < m < p — 1, such that 


Proof. See theorem 9.6 


Sm(Jr') = 0 mod p. 

Corollary 14.3. *** If FLT first case fails for p, then there exists r' £ N, depending 
only on p and t, such that for any primitive root u mod p, S\(J r ) = 0 mod p and for 
m = 2 ,... ,p — 1 : 

• fim(t) x S m (J r ') = 0 mod p, 

• ff (pm (f) = 0 mod p then S m (J r i ) ^ 0 mod p, 

• If S m (J r i) = 0 mod p then fi m (t) ^ 0 mod p. 

Theorem 14.4. *** An explicit computation of S m (J r ). 

Let the set II defined by 

I ' ( p = { m i I i = l,...y-1, f* m .(t) ^ 0 mod p, l<mi<p-l}. 

1. Then an explicit formula for S n (J r ) is : 

r— 1 

(137) — U n X [Vjj i Urrii )• 

2—1 
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2. We have the equivalence 


Ujl 


^— = 0 mod 7 t p 1 
x + C Ui V 
i= 1 s y 


r —1 


Sn(Jr) — U n X || ( U n Um,i ) 


i= 1 


r—1 


Zi = (-l) r ' 1 x u mi mod p, 


Z— 1 


r'-l 

Zr'-l = (- 1 ) X ^2 u mi mod p, 
i=l 

\j'l - 1 . 


14.3 The representation approach for Fermat-Wiles 

In this subsection, we take, for the study of odd and even Mirimanoff polynomials 
4 >m(T ), m = 1, ... ,p — 1, the approach taken in section |2| p.15 for the study of odd 
Mirimanoff polynomials 4>2m+\ (T). m = 1,... , We shall give a description of 
Fermat’s equation obtained from action of Galois group G = Gal( Q(C)/Q) on the 
class group and also on the unit group of Q(£). 


14.3.1 A summary on the different p-groups of the Fermat’s equa¬ 
tion 

Recall or fix some notations used in this subsection. 

• Let r p be the p-rank of the class group of the extension Q(C)/Q- We have 
r p = r p + fp , where is the p-rank of the class group of the field Q(£ + £ _1 ), 
and r~ is the relative class p-group of Q(£). 

• The ideal s of Fermat’s equation is defined by s p = (x + (y) Z[£]. 

• The action of G = Gal(<Q)(()/ <Q>) on ideal class group < Cl( s) > yields 

fl(® + V) h = C x rj x 7 P , 

(138) i=0 

v €. N, rj € Z[£ + C -1 ]*) 7 € Q(C) h # 0 mod p, l ri ^ 0 mod p. 
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Observe that in first case of FLT then v ^ 0 mod p. The corresponding 
polynomial P ri (V) = ~ Mi)> Mi £ F p , is the minimal polynomial 

annihilating the ideal s, so with exponential notation — Z[£]. 

• In the same way, the p-rank r\ can be written r\ = rf + rj - , where is the 
p-rank of the action of the Galois group of Gal(Q(()/ Q) on the ideal class 
group < CI(s x s) >, and r^, relative p-rank, corresponds to the action of 
Gal( Q(C)/Q) on the ideal class group < C7(ss _1 ) >. 

• The p-rank r\ is the minimal natural number such that 


n< 

i =0 


X ^ y-) li = ( v X 7 P , v E N, v ^ 0 mod p, 7 € Q(C)- 


x + C Ui 2/ y 


or in exponential notation 


x + (y s-P-W 

z + C“V 


^ Z[C], 


• The p-rank is the minimal natural number such that 

r+ 

(139) H(x+C Ui y) li x(x+C- Ui y) k = ■qy.'f, V G ZfC+C” 1 ]*, 7 G Z[C+C -1 ], 

or in exponential notation, 

((* + Cm) x (x + C _1 m)) P ^ (< t) ^ Z[C + C -1 ]- 


The minimal Fermat’s congruence rank r defined in relation (95) p.95 is the 
minimal natural integer such that 


V-l 1 Ml- 

n x + C Uz y 
x + C~ Ui y 


) ni = 1 mod 7T P+ \ 


where no ^ 0 mod p, n r _ 1 ^ 0 mod p, or in exponential notation 


jr + Cy p r(tr) _ x ^ ^+1. 

v ® + C"V 

Observe that we have prefered in this article the not too cumbersome notation 
r instead of r~ because this notation is frequently used. 
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The minimal Fermat’s congruence rank r + is the minimal rational integer such 
that 


r+ —1 


(140) 


I~J (( x + C Ui V ) x (x + C Ui y)) ni = c v mod 7r p+1 , c G Z. 


i=0 


or in representations notation 

((x + C“y) x (x + C"“y)) Pr+(<j) = ^ mod 7r p+1 , cGZ. 

The minimal Fermat’s congruence rank r' is the minimal natural integer such 
that 

r'—l 


][[(x + ( Ui y) ni — c^ px ^' i = iri ^ = 0 mod tt p ~ 1 , x + y = <?, c G Z, 

i=0 

-'-1 r' — l 

n(* + - n + C" Ui y ) n>i + o- 


z=0 z=0 

This relation can also be written 


(141) (x + £“ i y) p r'(°') _ c (P x E i=0 n i ) = o mod 7r p+1 , x + y = c**, 

where P r '(cr) is the minimal corresponding polynomial. 

Let r s G N, (s like first letter of sum) be the minimal natural integer such that 
r«—1 


0 ( x + C i y) ni = 7^z[c], 


i=0 

which can be written, for the minimal polynomial P Ts (<r) = n; : =i (a-m). 

For the unit r] verifying the relation ( |138| ) p. |149| , there exists a minimal unit 
rank r^, defined in relation 36 p. 43 in the section dealing of unit group 
Z[£ + C -1 ]*> such that we have congruence in form 


(142) rf° x (j{rj) ui x • • • x a r i- L ( v ) v ^- 1 x a r '>{rj) Vr * = £ p , £ G Z[C + C ]*, 

or, for the minimal polynomial Pr v {V ) = 111=1 (Y ~ Ah)) the relation = 

£ p . 
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14.3.2 Some results on Representations approach 

In this subsection we shall prove some properties of minimal polynomials. 

Lemma 14.5. Let b be an ideal of Z[£], not principal and with b p principal. Suppose 
that for n E F* ; the ideal b a ~ p is a principal ideal. Then 

b x b principal S pS p ~ 1 '' 2 = — 1, 

= principals ^( p-1 V 2 = \ 

corresponding, for the minimal polynomial P r - (V) and P r +(V), to 


P r - ( V ) = - m), Hi = U2rm+1, mi e N, 1 < m; < 


i —1 


p — 3 
2 ’ 


P r+( v ) = n( v - Ti), Hi = u 2m, , m* E N, 1 < m* < 


P-1 


2=1 


Proof. 


If b X b is principal then b°" (p 1)/2+1 is principal. From hypothesis b* 7 p 


is 


r (p-l)/2_,,(p-l)/2 . 


principal, so D" pP ] 2 is principal, h < yP ~ 1 ^ 2 = 1 should imply that 

b' T<P 1 is principal, thus, with b <j(p 1,/2 + 1 principal, it should imply that b 
is principal, contradiction. 

If h^ 1 ^ 2 = — 1 then from h a ~ p principal, we get b' 
and so b CT(p 1)/2 + 1 principal or b x b principal. 


r (p-l)/2_ u (p-l)/2 


principal, 


Similar proof if = is principal. 


□ 


Lemma 14.6. r + < rff +r^. 


Proof. From relation (|139j) p. |150| of definition of the rank rj, we get 

r t 

0 (x + C'y) ni (x + C Ui y) ni = vxYi, ??eZ[C + C _1 ]% yie^C + C 1 ]. 


i=l 


From definition of the unit ranks r„, we get 


Ti 7 

I [ a\rf) n i = rf mod 7r p , c E Z, c ^ 0 mod p. 
i=o 
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Gathering these two relations we get 


rf +r v 

• [ (x + ( Ui y) mi (x + C~ Ui y) mi = ^2 m °d 7rP ’ C 2 e 


2=1 

The minimal congruence rank r + 
integer such that 


defined in relation (1TC) p. 


C 2 ^ 0 mod p. 


151 is the minimal 


r+ 

Q(.x + ( Ui y) li (x + C~ Ui y) li = m °d vr p , c£Z. 
i=l 

From these definitions, we get r + < rf + r v . Clearly rf < r+ which achieves the 
proof. □ 


14.3.3 A summary on the ranks and minimal polynomials 

Here we summarize some relations obtained between the different ranks, the different 
minimal polynomials. 

• The minimal corresponding polynomials of the indeterminate V, all dividing 
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the polynomial V p ' - 1 -1 = nO — i), can be written in form 


(143) 


r 1 


PAY) 

rt' 

i= 1 

- h-*)) 

Mi 

^ F p , 

7^ ^2 ^ Mil 7^ Mi2 ? 



O) 

ii 

— Mi)) 

Mi 

£ F p , 

^1 7^ ^2 ^ Mil 7^ M 22 ? 

Mi 

— «2mi+l 


ii 

— Mi)) 

Mi 

£ Fp, 

^1 ~h ^2 ^ Mil 7^ Mi2 ? 

Mi 

= ’^2m;) 

^r(V) = 

r— 1 

=n(c- 

2=1 

' Mi)) 

Mi ^ 

= Fp, 

^1 7^ ^2 ^ Mil 7^ Mi2 5 

Mi = 

= «2m ; +l, 


II 

— Mi)) 

Mi 

£ Fp, 

^1 7 ^ ^2 ^ Mil 7^ Mi2 J 

Mi 

= ’^2mj) 

PAY) -- 

ii 

(Si. 'l 

— Mi)) 

Mi 

£ Fp, 

^1 7 ^ ^2 ^ Mil 7^ Mi2 5 



Pr s {Y) ■■ 

II 

" Mi)) 

Mi 

£ Fp, 

^1 7 ^ ^2 ^ Mil 7^ Mi2 ’ 



Pr v (Y) 

II 

!=k 

“ Mi)) 

Mi 

£ Fp, 

^1 7 ^ ^2 ^ Mil 7^ Mi2 5 

Mi : 

= ^2m; • 


i= 1 


• The minimal polynomials verify the following divisibility properties : 

K r (v) x p r +(v) = p ri (v), 

(144 ) Pr(V)lP rr (V)x(V-u), 

Pr(V) | Pr'(V), 

PAY) | P ri (V) X (V ~ U) X P rv {V) = P Ts {V). 
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The different ranks verify the inequalities: 


(145) 


r\ = r l + r{, 

r I < r p > 
r+ < r+, 

r — 1 < + 1 , 

r + < r+ + r v , 

r' - l <r s = r\ + r v + 1. 


In this relation (145), the difference r 1 — (r — 1) corresponds to the singular 
primary Cj among the terms C{ of the formula 


x + (y 


x + C 1 y 


y - = C 2v xl\c^xY, 7€Q(C), 


i=l 


where C* are defined in relation (18) p. 28. In fact these Ci = 1 mod 7r p can 
be neglected in mod ir p congruences. 


In this relation (145), the difference r s — (r 7 — 1) corresponds to the singular 
primary ry among the r^ units r]i of the relation 


+ Cy = CxU c i i xU r i S / X7 P , 7GQ(C), Vi,8j,v€ f;, 

3 =1 


i=l 


where units r/j are those of the relation 40 p. [45|. In fact these units r/j = 
c p mod 7 t p , ce F; can be neglected in mod ir p congruences. 


14.3.4 On singular integers and minimal polynomial Pr,(V). 

Recall that the polynomial P rg (V) of the indeterminate V is the minimal polynomial 
such that 

(x + Cy) Prs(cr) = 7 P , 7e^[C]- 

Let us consider the method of singular integers explained in Ribenboim, |39|] para¬ 
graph 4. p 170 : an element b G Z[£] is said to be a singular integer if there exists an 
ideal b such that 6Z[£] = b p . In that sense, in the Fermat’s equation with z ^ 0 modp 
then x + Cy with (x + £y)Z[£] = s p , is a singular integer. Let V be an indeterminate. 
Let the polynomial H(V) G F P [F] defined by 


p-2 


H(V) = E 


i=0 


U X U—i - U _ i+ 1 

p 


x V\ 
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Let us define also the p — 2 polynomials 


P—2 


w = 


(a + 1) x Ui a x Ui 


]) x V p ~ 2 -\ a = 1,... — 2. 


i=0 






We get the lemma on the polynomial P rs (V). 

Lemma 14.7. 

P rs (V) I (V — u) X H[v). 

Pr s (V) | (V-u) xl a (v), a = 1,... ,p — 2. 

Proof. P rs (V ) is the minimal polynomial such that 

0 + Cy) Prs(<T) = 7i, 7i e Z[C]. 


From Inkeri [19], cited in Ribenboim J39|, (4A)-2 p 171, we get 

(Z + C TSGZ[C]. 

We derive 

(x + Cy) ( ' T -“ )xH(ff) = (72) p , y 2 eZ[C], 

which implies that the minimal polynomial P ? . s (V) divides the polynomial (V — u) x 
H(V). The end of the proof is similar starting of the result of a result of Fueter jl^ l 
cited in Ribenboim JM] (4C)-2 p 172. □ 


Remarks: 


Observe that the coefficients 6i(a) = _ [S^i] Q f the polynomial I a (V") 

verify 

6i(a) £ {0, 1}, i = 0,.. . ,p — 2, a = 1,. .. ,p — 2. 

Observe, as an example, that for a = 1 then 

p-2 

h{V) = E V p - 2 ~\ 

i— 0 , Ui>p /2 

A numerical MAPLE observation has allowed to observe: Let d(V) be the 
polynomial in F p [V] of the indeterminate V dehned by 


d(V) = Gcd(I a (V) | o = l,..., p-2). 
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Let the two polynomials P (V) and P + {V ) of the indeterminate V defined by 
P~( V) = Gcd(V (p ~ 1)/2 + l,d(V)), 

P+(V ) = Gcd(V {p ~ 1)/2 - 1 ,d(V)). 

We have observed that P + (V ) = 1 + V + • • • + V p ~ 3 2, for h + ^ 0 mod p, the 
relations 

degreey(P~ (V)) = index of irregularity of p. 

(146) p-3 

degree y (P + (R)) = ——. 

Therefore this should lead to d(V) = P ~(V), general observation independant 
of Fermat which could also be a strong tool for first case of FLT. 

• Observe that these results given in the case of Fermat’s equation for the sin¬ 
gular integer x + fy, (x + (y) Z[£] = s p , can be formulated for the minimal 
polynomial of any singular integer b. 


14.3.5 Congruences on Mirimanoff polynomials 


We give here an application to Mirimanoff polynomials in Fermat context. Let p be 
a prime, p > 5. 

Theorem 14.8. Let p > 5 be a prime. If FLT first case would fail for p there should 
be at most r v + Mirimanoff’s polynomials 4>2m(T) with 4>2m(t) ^ 0 mod p, 1 < 


Proof. 

• Recall that (x + (y ) Pri ^ = ( v x y x y p , ye Z[£ + C -1 ]*, 7 € Q((), and 

that E(y) = £( 771 ) x • • • x E(y r J, E(a(r/i)) = E(y?*), i = l,...,r v . 


Let the minimal polynomial P r /(V) defined in relation 
seen in relation (144) p.[154| that 


154, We have 


(147) P r ,{V) | P r -(V) x P rt {V) x (V - u) x P rv (V). 

Let p = U 2 m with (V — p) \ P r i(V). We have (V — n) /\P r -(V) because 

P r -(V) = rii=i(C-/Xj)) Ti = U 2 rm+ 1 - We have also V-p fV-u. Therefore 
V - p | P r +(V ) x Pr v {V) and even 

R- M |/cm(P r +(R),P ri) (R)). 


□ 
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15 FLT first case: Hilbert’s class field of Q(C) 
approach 

This section contains : 

1. a general application of properties of p-Hilbert’s class field of Q(C) to FLT, 

2. some properties of unit e of Fermat’s equation in p-Hilbert class field H of 

Q(0- 


15.1 Application of Hilbert’s class field to FLT 


We apply these explicit computations of p-elementary Hilbert’s class field to FLT 
context. A first application when h + ^ 0 mod p is derived directly from theorem L4 
P- 


56. 


Theorem 15.1. Suppose that h + ^ 0 mod p. If f[[=i () li = 1 mod ir p then 

-!». 7 € occ). 


Let H be the p-elementary Hilbert field of Q(C)- Let Bh be the ring of integers 
of H. Let B* h be the group of units of Bh- Let Gal(H/<Q)(zeta) be the Galois group 
of the extension of H/Q(Q. With a second approach, from Principal Ideal Theorem, 
the Fermat’s equation with z 0 mod p becomes in Bh- 


x + (y = ex 7 P , 7 G B h , ££B* h , 

because the ideal s with s p = (x + £p)Z[£] becomes principal in Bh- 

Theorem 15.2. *** Let x, y,z be a solution of Fermat’s equation with z ^ 0 mod p. 
The Fermat’s equation becomes in the ring of integers Bh of the p-elementary Hilbert 
class field H 


(148) x + (y = e x 7 P , 7 £ e B* H . 

with 

(149) ® = ef, £i £B* h , V 9 € Gal(H/®(()). 
Proof. Let us consider the relation seen before 


x + (y = e x 7 P , 7 E B h , £ G B* H . 


We have 

0(x + (y) =x + (y 
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and so 


(150) 6(e) x 9( 7 P ) = £ x 7 P . 

We have ^ G B* H and ^ G HP- thus e B* H D HP and finally = 

£i, £\ G Bft, which achieves the proof. □ 

Question: Does there exists a way to caracterize units verifying strong relation 

m p®? 


15.2 Some congruences on unit £ of Fermat’s equation 
in jb-Hilbert class field H. 

This subsection contains a study of the units of the Fermat’s equation in the p-Hilbert 
class field: 

• with a representations of Gal( Q(()/Q) approach, 

• with an application of the Dirichlet’s theorem on units. 


15.2.1 

• Let 

• Let 

Let 

• Let 


A representation approach 

r p be the p-rank of the class group Q((). 

H be the p-elementary Hilbert class field of Q((), 

H = Q(C,wi,.. • ,u rp ). 

Bh be the ring of integers of H. 
us consider the Fermat’s equation in Bh, 

x + (y = £X'y p , £eB* H , 7 G Bh- 


• The extension H/Q is Galois. Let 0 be the Q-isomorphisms of H/Q. Let 6 be 
the Q((^-isomorphisms of H/Q((). The Q-isomorphism a of H, extending the 
Q-isomorphism a :(—»(“ of Q((), has been defined in relations ([m]) p]57] and 
(0) P-0 

Q = 0oa k , V6eGal(H/Q ((), k = 0,... ,p - 2. 
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From relation (149) p. |158| , we have 

9oa k (^) = a k (^)mod(B* H ) p , V0 € Gal(H/Q(C)), k = 0,...,p-2, 


or 


0 o a k (~) = - x £ 2 , £2 G B 


H- 


Let ri < r p be the p-rank of the action of Gal(Q(Q/Q on the p-class group 
< Cl{ s) >, s p = (x + (y)Z[(\. 


We have proved in theorem ^ 2 | p.|79| that there exists Z*, i = 0,..., r\, such 
that 


r 1 


2=0 S W 


Therefore, from the Fermat’s equation £ + = e x in FZ, we get 

ri ri 

n^)“xnd)*=T 7 { E«c). 

2 = 0 £ 2 = 0 7 


Thus, we have proved 

Lemma 15.3. Let the Fermat’s equation in Bh 

x + (y = £xY, ££B* h , 7 EB h . 

There exists a minimal r £ E N, 1 < r e < 77 , such that 


0 a *(=) mi = G B Hi m i G N, mo / 0, 77v e y 0. 

i=o e 

It is possible to formulate this result in terms of representations. 

Lemma 15.4. Let the Fermat’s equation in Bh 

x + (y = £X 7 P , £<EB* Hl 7 e B H . 

There exists a minimal rank r £ < 77 < r p and a minimal polynomial P re (cr) G F p [Cr] 
such that 


O 1 




.p 

Hi 


£H G B 1 ^. 


For the indeterminate V, P re (V)\P ri (V). 

Proof. We have shown that e ( B* H ) P in lemma 15.3 p.160. We apply the 

representation of G like in section ||] p.^ to get the result. □ 
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15.2.2 An application of Dirichlet’s units theorem in H/Q 

We shall give a criterion on system of fundamental units of Hilbet class field H of 
Q(£) verified when FLT holds for p. 

• Let p = Ip L xp p _ ^ t>e the rank of the group of units B* H . 

• Let Tp, i = 1,,be a system of fundamental units of B* H . 

• For each 9 £ Gal(H/Q(Q) we have a system of relations 

9(m) = Vi 1,1 X ••• x 

6(m) = pT’ 1 x ••• x 

eivp) = Vi pA x ••• x 4 ™. 

• Let e be the unit of the Fermat’s equation: 

IP 1 V p 

e = ?y 1 1 x • • • x . 

We have seen that E\ £ B* H . From these relations, we get the linear 

system of p congruences mod p on the p indeterminates uj, j = 1 ,... , p: 

Pip xi /1 4-b p h i x i/j H-b p p p x u p = u i mod p, 


Pi,i xqi-b X i/j H-b p p ,i X Up = Vi mod p, 


Pi, p x ui H-b Xi/ji -b p p ,p x Up = Up mod p. 

• This implies that the determinant M ( p , 9) depending only on p and 9 £ Gal(H/Q(Q) 




Pi, l — 1 • • 

■ Pj, i 

• /w 

(151) 

M(p,9) = 

/*ij 

Pj,j ~ * 

■ • Mpj 



Pi,p 

• Mi,p 

■ • Pp,p ~ 1 
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verifies the congruence M(p, 6) = 0 mod p. We have obtained the result : 

Theorem 15.5. If there exists a sytem 7p, i = 1 of fundamental units of 

B* h and one 6 e Gal(H/Q(Q), such that the determinant M(p,9) ^ 0 mod p, then 
FLT first case holds for p. 

Remark : Observe that, in this theorem, we give a criterion for first case of FLT 
depending only on p and structure of the units group of the p-elementary Hilbert 
class field of Q(£). It does not depends on x,y,z verifying Fermat’s equation. 
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16 FLT first case: An improvement of Rum¬ 
mer’s result on Jacobi resolvents 

In this chapter, we improve some classical Rummer’s results on FLT resting on Jacobi 
resolvents. It contains: 

1. some general definitions, subsection independant of FLT, 

2. some properties of Rummer’s method of annihilation of ideals classes of the 
relative p-class group, subsection independant of FLT, 

3. some applications in FLT context. 


16.1 Some definitions 


These results are in relation with Rummer results [ 251 mentionned in Ribenboim, [39] 
p!19. These definitions faithfully follows ([B9|) page 118-119. 


• Let o,i» £ R; recall that [a, b] = {a |« G M, a < a < b} and that [a, b[= 
{a \a £ R, a < a < b}. 


• In this section, when r = a mod p, then r verifies 0 < r < p — 1. 


• Let u £ N be a primitive root mod p. Let a : Q(C) —> Q(C) be the Q- 
isomorphism defined by a(Q = 

• Let Ui = u 1 mod p, l < m < p — 1. Note that, if i < 0, then this is to 

be understood as Ui x il~ % = 1 mod p. Note that Uij = = (u*)- 7 = uj = 

(' Ui)j mod p. Note that u % = u { m(X j p _ v 

• Let d £ N, 1 < d < p — 2. Let u = Let s = ind u (d ) £N, 0 < s < p — 2 

be defined by d = u s mod p. There exists always one and only one s because 
u is a primitive root mod p and therefore ind u (d ) is well defined. 

• Let I(u,d), and if there is no ambiguity 1(d), be the set defined by 

(152) 1(d) = {i | l<i<p-l, u v -i + u v _ i+indu{ d) >p}- 


• Let q £ N, q = 1 mod p, be a prime. Let q C Z[£] be a prime ideal above q. 

The relation (2.5) pll9 of |3!j says that n, g /(«d) is a principal integral 

ideal of Z[£]. 

• We shall prove here also two properties of 1(d) used in the sequel of this article: 
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— Let I'(d) = {i 1 | 1 < i' < p — 1, i' 0 7(d)}. From J3^] p 121, (line 

after relation 4.5), i' E I' (7) i' = i + mod p — 1 where i £ 7(7). 
Observe that we write i' = i + ^7 mo d (p — 1 ) and not mod p that we 
think to be a print error of Ribenboim book, we shall detail under why: 

- Card{I(d )) = Card{I'{d )) = 

Let i E 7(7); Let = i ± ^ 1 < i' < p — 1 . Let us consider the quantities 

«!/-* = n, i<n<p-i, 

U v-i+ind u (d) =r 2 , 1 < r 2 < p - 1, 

>—i ~b ^’v—i+ind u {d) ? 1 + +2; 

«!/-*' = p - n, 

^v—i' -\-ind u (d) P ^*2> 

'U'v—i 1 'U'v—i f -\-ind u (d) P ^*1 P ^* 2 * 

i E 7(7) +> i' = i + ^ ^ mod p — 1 E 7'(7). 

— If i E 7(7) then n + r 2 > p so p — ri + p — r 2 < p and i! 0 7(7). 

— If i! 0 7(7) then p — n + p — r 2 < p so ?’i + ?’2 > p. 

* if n + r 2 = p then u u -i + (7 x mod p) = p so + 7 x = 
0 mod p, thus 7+1 = 0 mod p which contradicts hypothesis assumed 
1 < 7 < p — 2. 

* if r\ + V 2 > p then i E 7(7) and we are done. 

Note that it implies that Card(I(d )) = Card{I'{d)) = 2^7. 

• We complete these notations by the definition of the set 
(155) 77(7) = {k | 7 = p — 1 — z, i E 7(7)}. 

16.2 Elementary properties of sets 1(d) 

This subsection deals of cyclotomic fields independently of FLT. 

Lemma 16.1. For 7 = 1,... ,p — 2, we have 
(156) 7(7) = 7(p- 1 -7). 


(153) 


Show that 
(154) 
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Proof. We have 

(157) 1(d) = {i | u v -i + d X u v -i mod p > p}, 

and 


(158) I(p-l-d) = {i | u v -i + ((p - 1 - d) x u v -i mod p) > p}. 


If 

(r\ + r 2 ) < p then 


Let i € 7(p — 1 — d). Let us consider n and r 2 defined in relation (|153|) p. 164 


(p — 1 — d) x u v -i mod p = p — r\ — r- 2 , 

and then, from equation (|158| ) p. |165| , we obtain n + p — r\ — > p contradiction, 

thus ?'i + r 2 > p which implies that i G 1(d). □ 

Lemma 16.2. 7(1) = {i \ m = —j^ 1 mod p, \ % < j < p}. 

Proof. Let us evaluate 7(1). We have u indy ^ 1 ) = \ mod p and so 

7(1) = {i | 0 < i < p — 2, (u u -i +u v -{) > p}. 


Therefore, we have 


K(l) = {k | l<k<p-l, (u v+ k + u v+k ) > p}. 

so p > j = u u+ k = u u -i > But Ui = — (u u -i)~ l = — j _1 mod p, because 
u v = — 1 mod p , and finally 

7(1) = {* | Ui = —j~ l mod p, | <j<p}- 


□ 


Remark :Observe that we have Card(I(l)) = 2^1. 

Lemma 16.3. 7(2) = {* | u ? ; = j ^ 1 mod p, j € [|, |] U [^,p — 1]}- 

Proof. From u indu ' 2 ' = 2 mod p, we have 

7(2) = {i | 0 < i < p — 2, (u y _j + (2u„_j mod p)) > p}. 


1 < k < p — 1 , (u^+fe + ( 2 ti„ +fc mod p)) > p}. 


Therefore, we have 

77(2) = {7 
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If u u+ k < 9 then (2u u +k mod p) = 2u v +k leads to u u +k > §, hence | < j = u v +k < \ ■ 
If u u+ k > f then ( 2u v +k mod p) = 2u u +k ~ P leads to p > u u +k > ^ then to 
T < 3 = u u +k < P- 

But m = —(iiu-i)- 1 = — j -1 mod p, because u v = —1 mod p and finally 
I{2) = {i | m = -j -1 mod p, j <E [|, |] U [y ,p - 1]}. 

□ 


Lemma 16.4. 


/(&)={* | Ui = -j modp, l<j<p-l, j) G Uf =1 [ 

Proof, generalization of lemmas |16.2 p. 165 and 16.3 p.165. 
Lemma 16.5. Let <4 = U^ = 1 /(fc). Then 


k J x p l x p 


k + 1 ’ k 


[}• 


□ 


•4 = {> | Ui = -j 1 mod p, 


P 


k + 1 


<j<p-l}. 


Proof. Apply lemmas |16.2| p.165, 16.3 p.165 and 16.4 p,16C. More precisely, we have 


P 

I( 1 ) = {i I Ui= -j _i mod p, j e [~,p - 1 ]} 


and 


1(2) = {i | u, = -j 1 mod p, j € [f, U - 1]}. 


3 2 


Then, we get 


J(l)U/(2) = {z | «i = -j 1 mod p | je[f,p-l]} 


and so on. 

Lemma 16.6. Let J k = n ^ =1 I(k). Then 

Jk = {i I iH = -j ” 1 mod p, 


□ 


kp 


(k + 1) 


<j<P~l}- 


Proof. We have 

1(1) = {i | Ui = -j -1 mod p, j G [| ,p - 1 ]}. 

We have 

1(2) ={i | Ui = — J -1 mod p, j G [|, |] u [y ,p - 1]}. 

Then, we get 

i 2 n 

/ ( 1 )n/(2) = {i I u,; = -j mod p, jG[y,p-l]} 

and so on. □ 


166 




















16.3 Some Rummer’s principal ideals 

This subsection deals of cyclotomic fields independently of FLT. Let us denote I{d \,..., (4) 
U i =1 I(di). Let us denote J(d ±,..., dk) = n£ =1 /(c4). Let q be a prime ideal of Z[£] of 
inertial degree 1. Kummer showed that the ideal n iGi(d) 0-1 (q)> d = l,...,p- 2, is 
a principal ideal of Z[£]. Let be the class group of Q(C)/Q- Let C+ be the class 
group of Q(£ + C _1 )/Q- Let us consider the group C~ = C p /C+. In this section, 
we give some more general results in the group C~ = C p /C+. Let us note q ~ Z [£] 
when the ideal q is principal in C~. 

Theorem 16.7. Let di, d 2 G N with 1 < d\ < d 2 < p — 2; then 

II ^(q)- z [C]- 

iei(di)ni(d 2 ) 

Proof. The ideal P = riieJ(di) ^(q) x Y\iei(d 2 ) CT *(q) is principal. Let J(di,d 2 ) = 
I(di)n/(d 2 ). Let M(d 1 ,d 2 ) = (I(d 1 )\Jl(d 2 ))-J(d 1 ,d 2 ). We get 

p= n (^(q)) 2 x n CTi (s>- 

i£j(di,d 2 ) i£M(di,d 2 ) 

If i G M(di,d 2 ) then: 

• else i G I{d\) and i 0 I(d 2 ); in that case, from relation (|154| ) p. 

£i G {—1,1} with 1 < i < p_i anc [ g I(d 2 ), i+e^- 0 /(di), 

therefore + C M(di,d 2 ). 

• else i G /(d 2 ) and i 0 I(di); in that case there exists £,; G {—1,1} with 1 < 

i + < p — 1 and i + G /(di), i + 0 /(d 2 ), therefore {i,i + 

e i 2 =i}cM(d 1 ,d 2 ). 

Therefore 

P= n (^(q)) 2 x n o-*(q) x rr*(q) 

ieJ(di,d 2 ) {i,i+Ei(p—l)/2}<zK{d\,d 2 ) 

because cr i+£i (p- 1 )/ 2 (q) = cr*(q). Then we deduce that P = n,cj( f ii d 2 )( <T *(q)) 2 hr the 
class group C“ and finally that n<eJ(di do) ^(q) 2 is principal in C~, which leads to 
the result. □ 

Lemma 16.8. **** Let k £ N, 1 < k < p — 2. Let di G N, l = 1,..., fc, 1 < 
di < d 2 < ■ ■ ■ < dk < p — 2. T/ien 

(159) a J (q) ~ a*(q). 

i£l(di,...,d k ) i£j(di,...,d k ) 
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Proof. Let any z E 7(7i,..., c4). There exists j, E N, 1 < j, < A:, such that, with a 
certain reordering of d\ ,..., c 4 , and without loss of generality, 

* e I{di),...i E 7(4), 
i 0 7(d ji+ i),.. .z 0 7(4). 

• Suppose at first that ji < k : then there exists one and only one e* E {—1,1} 

with 1 < z + < p — 1 and with z + Ei^- E 7(7y i+ i). Therefore, {z, z + 

£i^-} C 7(4, • • • ,4)- Therefore, the term er*(q) X < 7 i+ 4 p- 1 4 2 (q) = <j*(q) x 
<r*(q) which is principal in C~ can be omitted in the computation of class of 
Uiei(d u ...,d k ) ^(* 1 ) inC v- 

• Suppose then that j % = k : it means that 'i E 7(7i),...,z E 7(4) and so 
z E <7(4, • • •, 4)> which achieves the proof. 

□ 


16.4 On jp-rank of the matrix of Rummer’s system 

Let us consider P^ = II iei u 0 ; cd(s). With the language of representations of section || 
pH, it means that, if X = Cl(s), then we have the system of relations 

P l {X)=Y J X i = o, d=l,...,p-2. 

iel(d ) 

This system can be reduced to the system 

(p-1)/2 

Pi(X) = ^2 £ i,d x% = 0, c7 = 1,... ,p — 2, 

2—1 

— 1 z E 7(7), 

Si,d = l)/2 E 7(7). 

A direct computation show that £ i,d xl is identically similar to £ i,p-i-dX l . 

Observe also that <7 ?+ ( p_1 )/ 2 (s) = <r l (s) and that 4(s) x cr*(s) is principal in C~. 
Therefore the Rummer’s p — 2 relations can canonically be reduced to a system of 
relations : 

(p- 1)/2 _ 

4(A')= £ 4^ = 0, 7=1,..., ^" 2 —, 

(160) i=1 

= 1 ^ (zz( p -i)/ 2 -i + (d x zz(p— 1 )/ 2 —i mod p)) > p, 

Ei d = — 1 (tt_j + (7 x 'u_,; mod p)) > p. 
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The square matrix M p = (£i ! d)i<d,i<(p-i )/2 is then well defined : we shall study this 
matrix carefully. First we give as an example from a MAPLE program the value of 


the matrix and of its determinant for p 

= 13. 




-1 

-1 

1 

-1 

-1 

-1 


1 

-1 - 

1 

-1 

-1 

-1 

M p = 

-1 

-1 

1 

1 

-1 

-1 

1 

1 

1 

-1 

-1 

-1 


-1 

-1 - 

1 

-1 

-1 

-1 


1 

-1 

1 

1 

1 

-1 


From a MAPLE program, we have computed the p-rank of M p for 2 < p < 200. The 
results are given in the following table 


P 

k p 

P 

k p 

p 

k p 

p 

kp 

P 

kp 

3 

1 

5 

2 

7 

3 

11 

5 

13 

6 

17 

8 

19 

9 

23 

11 

29 

14 

31 

15 

37 

17 

41 

20 

43 

21 

47 

23 

53 

26 

59 

28 

61 

30 

67 

32 

71 

35 

73 

36 

79 

39 

83 

41 

89 

44 

97 

48 

101 

49 

103 

50 

107 

53 

109 

54 

113 

56 

127 

63 

131 

64 

137 

68 

139 

69 

149 

73 

151 

75 

157 

76 

163 

81 

167 

83 

173 

86 

179 

89 

181 

90 

191 

95 

193 

96 

197 

98 

199 

99 


All the p-rank k p < (p — l)/2 bold printed correspond to irregular primes. In this 
table, the irregular prime all have rank LM — 1 except the prime p = 157 with 
k p = — 2 .Observe that these results are in accordance with table of relative class 

numbers in Washington | 68 |], p 412. 

We can now give, as an application to FLT, the following theorem: 

Theorem 16.9. A criterion on M p for First case of FLT 

If the first case of FLT would fail for p, then the p-rank k p of the matrix M p should 
verify 

(161) k p < -y/p- 1. 

Proof. Suppose that k p > FM — sjp— 1 and search for a contradiction: Let us consider 
the relations, with X 1 = Cl(a l (s), 

^2 £i,d,X l = 0, d = 1,.. . ,p - 2. 
ie/(d) 
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It would be possible to find, by elimination, a polynomial P^X) of degree d < 
Y fp — 1 with Prf(X) = 0; from theorem |2.3| p. 1 we should have d > r\, degree of 
the representation p\ : G —> GL(F p .Ui) and also degree of the minimal associate 
polynomial P ri (X), because we should have Prf(X) = P ri (X) x Q(X), Q{X) E 
F P [X], But, from Eichler’s, we deduce that r± > ^fp — 1. □ 


16.5 Generalizations of Kummer congruences - I 

This subsection is in the Fermat’s equation context. 

• Let g £ N, q= 1 mod p , be a prime. 

Let q C Z[£] be a prime ideal above g. Recall that the relation (2.5) pll9 of 
PR says that is a principal integral ideal of Z[£]. 

• Using this relation for all the prime ideals, all different of vr = (1 — £)Z[£], 
dividing (x + (y), We can generalize for the ideal s, s p = (x + £y)Z[£], (First 
and second case of Fermat equation) to, 


(162) 


&= n 

i£l(d) 


<Ji S 


is a principal ideal. All the results of the sections p.^, || p.^ start from the 
existence of the principal ideal \\{ = i <Ji(s) li . The sketch of proof of this section 
of the article is exactly the same with, here, the principal ideal of the relation 


(162), Pd = (T *( S )- Using this equation and results of previous sections, 

we shall give several generalizations of Kummer congruences mod p. 


Proposition 3. Let u E N be a primitive root mod p. Let d £ N, 0 < d < p — 2. 
Then there exists uEN, 0 < v < p — 1 such that : 


(163) 


— 2v + 


E 

i£l{d) 


Ui 


(■X + C Ui y) 


+ 


E 

i£l{d) 


(x + C Ui y) 


= 0 mod 7 t p 1 . 


Proof. From relation 


p.|170| we deduce, similarly to proposition 2 p.76, that 


I] (x + C Ui y) = Crn p , vent + C 1 }*, 7eZ[C], 

i£l(d ) 


then, by conjugation, 


l\(x + C Ui y) = C m V 7U r?E Z[C + C -1 ]*, 7 6Z[C] 

i£l(d) 
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hence 


r m n^ + ^)^C m n (* + r Ul y)mod7rP +1 . 

i£l(d) iEl(u,d) 


Then, similarly to proposition 8 d) p.^5[ we deduce that: 


(— m)c m - 1 n ( x + c u 'y) + c m n ( X + C'y) E 

i El(d) i£l(d) i£l(u, i 


Ui( Ui 1 


y 




(m)r- 1 n (z+c"-s)+c n (*+<”"•!/) E ttt 3 

then, multiplying by £, 


—«i-i 


y 


> -7 ---— mod 7 r p x , 

«e/ M ,55) (i + c y> 


(-m)r- n (x+c-rt+r” n (*+<?“»> E 

ie/(d) ie/(rf) ie/(rf) ^ s 

WC” n (x+r-!/)+r n (x+r“s) E 

iG/(d) *G/(d) — ^ 


E 7 - l -TZ — t mod TT p ~\ 

,55 ) (x + ( ~ u ‘ y) 


so 


(— m) 


+ E , , =(m)+ E ET 1 mod * P_I , 

,55,<* + ^ ,55) ( x + c ”‘ 9) 

(-2m) + E , U,C ? , + E , ^ , E0m»d/-', 
,55) (l + ,55 ) {x + ( “‘ v) 

— 2m + 2( E 


Uj( Ui y 


also 


hence 


y 


(x + y) 


i&I(d) 

-I X ( y - - ^5 -X + E 7-T-r) ^ 0 mod 77 p_1 . 

,55) < x + ,55)< x + c ~“‘ s) 


Theorem 16.10. *** Let 4>2m+i(T), m = 1,..., be the odd Mirimanoff poly¬ 
nomials. Let t = — ^ mod p. Let r be the value defined in theorem &■ Let Cm = 
{mi, m 2 ,..., m r _i} C {1,2,..., 2^} 6 e t/ie set such that m E Cm </> 2 m+i(i) ^ 
0 mod p, see corollary [^7| Tet u E N &e any primitive root mod p. Let 

d E N, 1 < d <p-2. Let I(u,d) = {i, l<i<p-l, (uu-i + u u _ i+ind ^ d )) > p}. 

Then for all m E Cm, we have the congruence : 

E uf n+1 = 0 mod p. 
iel(d) 
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Proof. From proposition |3] p.170 and similarly to theorem 9.1 p.S9, we have for 1 
rn < ^ the congruence fom+i (t) x Y^iei(d) u ^ m+1 = 0 mod P- 

Corollary 16.11. Let p G {3, 5, 7}. Let d G N, 1 < d < p — 2. 

Let I(u,d) = {i, 1 < i < p - 1, (u„-i + ^-i+induCcQ) > p}- ^en, /or eacd 

primitive root u mod p, we have 


= 0 mod p. 

iei(d) 

Proof. From Q, relation (1.12) pl43, we get 

<t> 2 m+i(t) = -(1 - t) p ~ l ~ 2m x P 2m +i(-t) mod p. 


where P r 2 m,+\ (T) is the Rummer polynomial corresponding to the Mirimanoff poly¬ 
nomial cf> 2 m+i(T). From (3^] pl25 and p 140, we have 

p 3(~t) = -t(l + t), 

P§(—t) = — t(l + t)(l + 10t + t 2 ), 

Pr(-t) = -t( 1 + t)(l + 56t + 246t 2 + 56t 3 + t 4 ). 

Let G = {-|, -§, -§, -§, -f, |} mod p. It is possible to prove by direct 

computation that: 

• Ps(—t) = 0 mod p is not simultaneously possible for all t G G, 


• P§( —t) = 0 mod p is not simultaneously possible for all t G G, 


J"V (—t) = 0 mod p is not simultaneously possible for all 1 G G. 


see [ 

m 

jjm 



p 140, (1A)). Then , this corollary results immediatly from theorem 16.1C 


□ 


Remark: for p > 3, the proof use two or three of the Barlow-Abel relations 


x p + y p 


- t p 

— 


yP + Z P 


— JP 


Z P _|_ X P 


— r 


x + y x ' x + y 15 x + y 
and then we cannot apply directly this result to Generalized Fermat-Wiles equation, 




see section |18| p. |193| . 

Corollary 16.12. Let p G {3,5,7}. 
If p does not divide the sum 


S = 


£ 


je[f,f]u[f ,p-i] 


iP ’ 


then the First case of Fermat’s Last Theorem holds for the exponent p. 
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VI □ 














Proof. 


• Let u mdu ( 2 ) = 2 mod p. We have 

1(d) = {i, 0 < i < p - 2, (u v -i + (2 u u -i mod p)) > p}. 

Therefore, We have 

K(d)={k, 1 < k < p — 1, (u v+k + (2u u+k mod p)) > p}. 


If u v +k < | then ( 2u u+ k mod p) = 2 u v + k leads to 
u v+k > §, hence f < j = u v+k < §. 


If u v+ k > § then (2rt^ + fc mod p) = 2uj, + fc — p leads to u v +k > -y then to 
T < J = “i/+fc < P - !• 

But = u = (u -1 ) - *^ = ( u ~ l )~ M 

so iil 1 = —(u v -i)~^ = —j~^ mod p, because u u = —1 mod p. 


the result is then an immediate consequence of the previous proposition |16.11 
P 
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□ 


Corollary 16.13. Let p £ {3,5,7}. If p does not divide the sum 


S = 


E 


1 

iU ’ 


ie[f ,f]u[%,f ]u[^, P -i]' 
then the First case of Fermat’s Last Theorem holds for the exponent p. 

Proof. 

• Let d = 3. We have 1(d) = {i, 0 < i < p — 2, (n v _i + (3u u ~i mod p)) > p}. 


If u u -i < | then (3u v -i mod p) = 3u v ~i so u v ~% > |, hence | < j = u v -i < 


3 - 


If u v -i < and u u -i > § then (3 u u -i mod p) = 3u u -i — p so u u -i > -y • hence 

2p < • _ . < 2p ' 

4 ^ .7 — ^ 3 • 

If ^ then 3n y _j mod p = 3u u -i — 2p so > ^2, hence ^2 < j = 

Uu-i < P - 1 - 

But nf = so nf = —mod p because 

it" = — 1 mod p. 
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the result is then an immediate consequence of the proposition 16.11 p.172. 


□ 


Corollary 16.14. Let p E {3,5,7}. If p does not divide the sum ^je[i £ ] ^ en 

the first case of Fermat’s Last Theorem holds for the exponent p. 

Proof. If the First case of Fermat fails, then, from the two previous propositions by 
addition of congruences, 

j<p/2 j=p- 1 3<p! 3 j<2p/3 j=p- 1 

E ^ + E r"+ E 3^+ E E r^omodp, 

j>p/ 3 j>2p/3 j>p/ 4 i>p/2 i>3p/4 

so, by permutation of the sums, 

j<p/3 1 <p/2 i<2p/3 j=p-i i=p-i 

E + E + E I ** + E + E = 0 mod 

1 >p/4 i>p/3 l>p/2 j>2p/3 i>3p/4 


so grouping sums, 

j=p-i j=p-i 

E + E = 0 mod 

3 >P/4 i>3p/4 

also, noticing that = 0 mod p, 

j=p— i i<p/ 4 

E - E ^ - ° mod 

j>3p/4 j =1 


and 


which completes the proof. 


1 <p/4 

j~^ = 0 mod p. 

1=1 


□ 


Corollary 16.15. *** 3(p — 2) congruences mod p. 

Let p E {3,5, 7}. Fef dE N, l<d<p — 2. //p does not divide the sum 


1 


5= V — 

Z—/ nfL 

• pu d [Jr_ i£f 

■l fcU i=lld+l > d l 

then the first case of Fermat’s Last Theorem holds for the exponent p. 
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Proof. 


Same proof as 


nrq pjl72 


Remarks : 


□ 


These results generalize the Cauchy congruence 

jz = 0 mod p (see for instance [[| or |S9| (4A) p 120) and the other 
summation criteria of the bibliography (see the survey in section)!?] p.183). 
Corollary ( 16. 15| ) p. |174| generalizes Cauchy congruences depending only on p 
to 3 (p — 2) explicit congruences depending only on p for k = 1 ,... ,p — 2 . 


, we can generalize 

these congruences involving Y for p E {3, 5, 7} to all sums of the form 

Yj for m e Cm- 

In this direction, we obtain the result : 


With the meaning of r and Cm given in theorem 16.10| p.171 


Let m £ Cm = {m | <t> 2 m+i(t) ^ 0 mod p}. Let d E N, 1 < d < p — 2. 

If p does not divide the sum Yi =l ^j>(/p)/(Vi+i) f 2 ™+1 then the first case °f 
Fermat’s Last Theorem holds for the exponent p. The previous results being a 
particular case of this theorem. 


• Note that our proof does not use the Bernoulli numbers B It is also possible 
to obtain a proof connected to Bernoulli Numbers : From proposition (5B) p 
108 in [|39|], derived of a result of Vandiver |66|] resting on class field theory, we 
have for d E N, d = 2,... ,p — 2, the congruences: 

d -1 1 

(1 - d~ 2m )B p _2m-i = (p- 2m- l)d _2m_1 ^ Y mod p. 

1=1 ^ <i< l i 3 

Then, we get in the same way, with d + 1 in place of d, the second relations 


(l-(d+l) 2m )Rp- 2 m-i = (p — 2m — l)(d+l) 2m Y -^+T mod P- 

1=1 !<*<* ° 


From Ribenboim [^], (4E) p 125 and (1A) p 140, we have B p _3 = B p _5 = 
B p - 7 mod p. Then, by difference of the two previous congruences for m = 
1, m = 2, m = 3, we get the results of the corollary 16.15 p.l7L 

From remark and corollary 19.12 p.109 , we state the theorem : 


Theorem 16.16. *** 

Let r p be the p—rank of the class group of <Q>(£). Let Cm = {m | 1 < m < 

^ 0 mod p}. If the first case of FLT fails for p then 
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3 < Card(CM ) < fp and {1,2,3} C Cm- 

Card(CM) x (p — 2) congruences : 

For every rn e Cm and every d G N, 1 < d < p — 2, 

X ~2^+i =Ornodp 


J 


ieuf =1 [^^[ 

Corollary 16.17. [Log(jp) l ^\(jp — 2) congruences mod p 

Let no = (45!) 88 . Let me N, m = 1,..., [ Log(p ) 1//3 ]. Let d E N, 1 < d < p—2. 
If p does not divide the sum 

1 


5 = 


E 


^*2m+l 


fden </ie first case of Fermat’s Last Theorem holds for the exponent p. 

Proof. Is an immediate consequence of [Q, of the Vandiver congruences |k| and of 
a previous remark between our results and Vandiver [Ekl] . □ 


16.6 Bernoulli Numbers and sums YN , |d , i P i P[ . 

lld+l! d l J 

This subsection deals with a connection, in a general context independant of FLT, 

between even Bernoulli numbers H p _i_ 2 m and sum congruences Y. d \Jp_ j p1 ->m+i 

J fcU ;=ild+i ’ d I ■> 

for d = 1,. .. ,p — 2. 

Let S(d — 1) = J2i<j<i P /d fim+i mod p. Prom Vandiver in Ribenboim [39], 

(5B) p 108, we get for m = 1,..., 

S(d - 1) = ^ X ( ^ m ~ 1} x mod 

p — 1 — 2m 

(d + 1) X ((d + l) 2m — 1) x Bp_]_2m 
1 j p - 1 - 2m mo p. 


Then we have 


d—l 


S (d) = Yl X -2YTT+ X fYn+T mod P- 

1 =1 l<j<ip/(<i+l) l<j<dp/(d+l) 


This leads to 


d—1 


E 


1 


;2m+l 


1=1 1 <j<lp/d 


j<lp/d 

X + XI 


i 


;2m+l 


j>Zp/(d+l) 


l<j<dp/(d+l) 


mod p, 
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and so 


d -1 j<lp/d 


S(d) = S(d- 1)~Y1 E 


1 


A2m -\-1 


+ 


E 


1 


1=1 j>lp/(d+ 1) 


l<j<dp/(d+l) 


j2m+l 


mod p, 


also 


d j<lp/d 


S(d) = S(d- l)-£ XI 


1 


/=! J>jp/(d+l) 


»2m+l 


+ 


E 


1 


j2m+l 


dp/(d+l)<j<p 


+ 


E 


1 


a '2m+l 


mod p. 


l<j<dp/(d+l) 


also 


d j<lp/d 


s(d) = s(d~i)-j2 xi 


1 


A2m+1 


1=1 j>lp/(d+ 1) 


+ E - 

i <j<p' 


1 


2m+l 


mod p, 


and finally 


d j<lp/d 


s(d) = s(d- 1) -XI E 


1 


3 


\2m-\-l 


mod p. 


/=1 ip/(d+l)<j 

Then with previous relations obtained with Bernoulli numbers we get 

Theorem 16.18. For d £ N, l<d<p — 2 and for m = 1, ..., ;l we have for 
the even Bernoulli Numbers 


(164) XI 

Remarks: 


1 


;2m+l 


d{d 2m - 1) - (d + 1 )((d + l) 2m - 1) 

p — 1 — 2m 


x S„_i_ 2m mod p 


Observe that these general p — 2 congruences without any connection with FLT 
are a tool to test £> p -i- 2 m = 0 mod p. 

We verihed numerically this congruence with a Maple Program, which is an 
indirect insurance that our previous results are correct. 
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Observe that else ^ +1 else 1 intervenes in the sum in the first member 

of the relation (164) p. 177 which corresponds to i + 2^1 0 I(u,d): this shows 


that the class of the ideal a' l (s)a l+ i p ~ 1 ' > / 2 (s) = cr l (s)cr l (s) of Q(£ + £ _1 ) does 
not intervenes in this computation of £> p _i_ 2 m and that H p _i_ 2 m = 0 mod p 
caracterizes h~ and finally that p irregular implies that p\h~. 

These congruences can be explicitly written in the form 


1 


11 . 

7i,2^+T + • • • + 'Vhjjtoi TT + • • • + Ti.p-17—TT^ZT = 0 mod P . 


_ 1 ^ 2777+1 


ip~ 1) 


7d,2^7TT + • • ' + nfd,jp^+l + ' ' ' + 7d,p-1 ^ _ j^m+l 


= 0 mod p, 


(165) 


11 i 

7p- 2,2^7TT + ‘+ ''' + 7 P -2, P -i ^ _ ^ 2m+1 = 0 mod p, 

e {0,1}, d = l,...,p-2, j = 2, ...,p-l, 

Ip 


We 


7 d,j 

have the property 


Ip 


ld,j 


j 


2, ...,p-l, 7d,j/0} 


p — 1 


Card{i d j 

because it is not possible to have simultaneously 

hp ^ . hp hp . • . %>. 

(d+ 1) J ri ’ (d + 1) P 3 d ’ 

0_H2)p < p < (7^2)p and so Ii±k < i < h+k so ^ + l 2 < d 
Then observing that .^ +1 = l_ ( 2m + 1 ) = 

3m linear system (165) p.175 we get the 


If 


„ not we should have p < p < ( ;i +k)p and so ll d +\ 2 < 1 
and (d + 1) < l\ + Z 2 contradiction. Then observing that 
— (p ~ j)P _1 “(2"r+ 1 ) = — mod p, from linear system 
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reduced system 
(166) 

5 M;[2^+T + • • • + d hj-j2^+i + ''' + ^i,(p-i)/ 2^_ 1 ^ 2 )2m+i = 0 mod 
‘W ]2^+T + • • • + d d,jp^+l + • • • + S d,(p-l)/2 _ 1 )/ 2 )2m+l = 0 mod P> 


1 . 1 

+ • • • + <>(p-l)/2j -Um+I + • • • + d(p-i)/2,(p-l)/2- 


0 (p-l)/2,l 2 2m+l 1 1 ''KP-V/tJ j2m+l 1 1 ^ _ j)/22m+l 

<y dj -G {-1,1}, d=l,...,(p-l)/2, J = 1, • • •, (p — l)/2, 

<J«y = 1 i/ 3/ G N, 


= 0 mod p, 


Ip Zp 

(d+ 1) J < d ’ 


ij = -1 i/ ^ G N, 


Ip Ip 

JdTT) <J< l- 


If the prime p is irregular then the determinant A = 1 5d,j |, d = 1,..., ^-fr, j = 
1,..., verifies A = 0 mod p. Then let i p be the index of irregularity of the prime 
p, (the number of Bernoulli numbers -B p _i_ 2 m = 0 mod p , m = 1,..., 2^A) then we 
get the theorem 


Theorem 16.19. Let A p be the determinant 


A | c I A _ i ( V - 1 ■ _ , P-1 

Ap — I Od,j I? d — 15 • • • 5 2 1 J — !>•••? 2 

6d,je{- l,l}, d=l,...,(p-l)/2, j = l, ■ ■ ■, (p — l)/2, 


(167) 


= 1 if 3Z G N 
= -!»/ G N, 


lp , ■ . l P 
(d + 1) J < d’ 

Ip Ip 

ldTT) <J< T 


If the prime p has index of irregularity i p > 1 t/ien all the minor determinant M of 
A p of rank rM > 2±I — i P are divisible by p. 

A 

Proof. To each Bernoulli Number B p _i_ 2 m = 0 mod p corresponds a system of con¬ 
gruences (166) p.l7S with i = 1,, 2^-; two such systems are not equiva¬ 
lent. □ 
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As an example we have, for p = 17, irregular prime, from an easy MAPLE com¬ 
putation: 


A 17 — 


-1 -1 

-1 -1 

-1 -1 

-1 -1 

-1 -1 

-1 -1 

-1 -1 

-1 1 


-1 -1 

-1 -1 

-1 -1 

-1 1 

1 -1 

-1 -1 

-1 -1 

-1 1 


-1 -1 

-1 1 

1 -1 

-1 -1 

-1 1 

1 -1 

-1 -1 

-1 1 


-1 -1 

1 1 

-1 -1 

1 1 

-1 -1 

-1 1 

1 -1 

-1 1 


= 9 mod 17 


The same computation for p = 37, first irregular prime, show that A 37 = 0 mod 37. 


16.7 Generalizations of Kummer congruences - II 

We have seen that P\ = ri;£/(di)( x + C Ui 2/)^[C] is a principal ideal. For another 
value d 2 7 ^ di, we have also P 2 = n,:e/(d 2 )( x + C Ui 2 /)^[C] is a principal ideal. Here, 
we use simultaneously these two properties. From IQ pl21 we have Card{I{d\)) = 
Card{I{d 2 )) = 2^. 

Proposition 4. Let u 6 N be a primitive root mod p. Let d\,d 2 £ N, 0 < d\ < 
d 2 <p-2. 

Let I(di) = {i, l<i<p-l, ( Uv-i + u u _ i+induiydl) ) > p}. 

Let I(d 2 ) = {i, l<i<p-l, {u v -i + u v _ i+indu{d2) ) > p}- 

Then, there exists me N, 0 < m < p — 1 such that : 


(168) 


—2m + 


£ 


Ui 


ie/(di)n/(d 2 ) 


(x + ( Ui y ) 


+ 


E Ui 
(x -4- 

ie/(rfi)n/(d 2 ) v 


Ui y ) 


= 0 mod ir p 1 . 


Proof. Let Pi = Uiepd^ + C'v)- Let p 2 = Uiei(d 2 )( x + C Ui y)- We have P l xP 2 = 
^ m i +m2 r/iry 27 i 72 where m\,m 2 6 N, 0 < mi < p — 1, 0 < m 2 < p — 1, where 

771,772 £ Z[C + c 1 ]*, where 71,72 G Z[£]. Then we obtain 


P 1 P 2 = rw, 

?n e N, o<m<p — 1, 77 e z[c + C -1 ]*; 7 e z[(j. 

Let J(di, d 2 ) = (I(di) U I(d 2 )) — (J(di) fl I{d 2 )). We have 

P1P2 = (x + c ni y ) 2 J| (x + ( Ui y)(x + C Ui y) 

i£l (di)nl (d 2 ) i&J(di,d 2 ) 
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because, from p 121, if i E I(d\ ) and i 0 7(d 2 ) then i + mod p G 7(d 2 ) and 
tt i+ (p_i)/ 2 = mod p. Then, 

C m I] (x + ( Ui y ) 2 JI (x + C Ui y){x + C Ui y) = 

i£l (di)nl (d 2 ) iEJ(di,d 2 ) 

c m n (x + C Ui y ) 2 n (x + C Ui y){x + C Ui y) mod tt p+1 , 
ie/(di)n/(it,d 2 ) ieJ(di,d 2 ) 

so 

C m If (x + C Ui y) 2 = ( m If (x + C Ui y? mod 7r p+1 , 

ie/(rfi)n/(d 2 ) ie/(di)ni(d 2 ) 

also 

r 2m n (x + ( u ‘y) 2 = n (x + C Ui yf mod ir p+1 , 
iei(d 1 )ni(d 2 ) iei(di)ni(d 2 ) 


2m(p+l)/2 


ll {x + C'v ) 2(p+1)/2 


ie/(di)n/(d 2 ) 


]J (s + C Ui v ) 2(p+1)/2 mod vr p+1 , 
ie/(di)n/(d 2 ) 


hence 

r m n (* + ^2/) = n (x + C~ Ui y) mod 7r p+1 , 
ie/(di)n/(d 2 ) ie/(di)n/(d 2 ) 

because (a; + £“ i p) p = (x + C _Ui ?/) p mod 7r p+1 . Then, the end of the proof is the same 
than the proof of the theorem || p. |170| . □ 

Corollary 16.20. — 2 ^ p ^ congruences mod p. 

Let p £ { 3,5,7}. Tetdi,d 2 GN, 1 < di < d 2 < P — 2. 

Letl(di) = {i, 1 < i < p — 1, (n,,-* + u y _j +indn(dl )) > p}. 

7et7(d 2 ) = {i, l<i<p-l, + u I/ _ i+indu ( d2) ) > p}. 

Then, /or each primitive root u mod p, we have X)ie/(di)n/(d 2 ) u i=® 1710 d P- 


Proof. Proof similar to corollary 16.11 p.172. 


□ 


Theorem 16.21. 2 ^ p congruences mod p. 

Let p G {3, 5, 7}. Let di, d 2 G N, 1 < di < d 2 < p — 2. If p does not divide the 
sum 


d\ d 2 

« = EE 

1=1 m= 1 


E 


x r \ lp lp r n r mp mp 
’'^'■di+l'di L [ d 2 +1 ’ d 2 


1 


« = E 

i i d l I j d 2 cr ip lp r n r Hffir \ 
J fcu i=l u m=lU dl+ i > dl l 1 Ud 2 +1 > d 2 l i 


1 

jTG 


then the first case of Fermat's Last Theorem holds for the exponent p. 
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Proof. 


• Observe at first that the two forms of S are equivalent because h ^ h =$• 
f 1 n [j&, £] = «; therefore 

hp hp r r mip mig n n hp hP } r rn 2 p m 2 p n ^ 

di + l’di J [ d 2 + l’ d 2 di + 1 ’ di [ d 2 + l’ d 2 Jj ^ 

implies that Zi = Z 2 and mi = m 2 . 


From corollary 16.20 p. 181, similarly to corollary 16.11 p.172, we have 


y] = 0 mod p. 

»e/(di)n/(d 2 ) 

Then the result is similar to corollary 16.15 p.174. 


□ 


Corollary 16.22. 3(p — 2) congruences mod p. 

Let p G {3,5, 7}. Tef d £ N, l<d<p — 2. Then, we have 

E^/2 ELi 7* = 0 mod p- 


Proof. Immediate consequence of theorem 16.21 p.181 with d\ = 1 and d 2 = d. □ 


16.8 Generalization to exponential congruences f(p, t ) = 
0 mod p. 


All the results of this section can be generalized mutatis mutandis to exponential 
congruences on p and t = — a mod p: we give, as an example the generalization of 
Cauchy criterion Z^I( p+1 )/ 2 js = 0 mod P- 

Theorem 16.23. p—l congruences, generalization of Cauchy criterion to exponential 
congruences. 

For k = 1,... ,p — 1 


v - 1 


^ JL x (t (kxj3 mod p> + t(P~ kx i 3 mod p)) = 0 mod p. 


j=(p+ 1)/2 ■ 


Proof. Apply theorem 12.2 p.121 to the set 

// = 1(d) = {ui = mod p | j = , 


,P - !}• 


□ 
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17 FLT first case: A comparative survey with 
bibliography 

This table locate our results in the context of a survey of some significant necessary 
conditions on x,y,p or on p for the first case of Fermat’s Last Theorem seen in the 
literature. Here, we recall some notations used in this table : 

• Let a, b E K; recall the classic notations 

— [a, b\ = {a | oGi, a < a < b}, 

— [a, b[= {a | a£l, a<a<b}. 

• p € N, p > 5 prime. 

• p— cyclotomic number field <Q>(£). 

• Z[£], ring of integers of <Q>(£). 

• u is a primitive root mod p. For i £ N, m = u l mod p with 1 < Ui < p — 1; 
for i < 0, it is to be understood as: Ui is defined by Ui x u-i = 1 mod p and 

1 < ^ < p — 1. 


h = p ep x / 12 , e p G N, /12 ^ 0 mod p, class number of Q(C), where e p < p — 2, 
from theorem (7.2). 

h = h* x /i+, where h* is the first factor of the class number. 
r p , p —rank of the class group of the cyclotomic number field Q(£). 
x p + y p + z p = 0, x,y, z G Z — {0} coprime by pair: Fermat equation. 
xyz ^ 0 mod p : First case. 


• f G N, t = —- mod p. 

• (j>2m+i(T) = l 2m r + 2 2m T 2 + 3 2m T 3 + ■ ■ ■ + (p - I) 2 “F- 1 , odd Mirimanoff 
polynomial of the indeterminate T, for m = 1,..., 2^2. 

• -f^m+iCT 1 ) : explicitly computable Rummer’s polynomials : P\(T) = T , P 3 (T) 

T(1 - T), P 5 (T) = T(1 - T)(l - 10T + T 2 ),_ 

• mGN, even Bernoulli number for m = 1,..., 2^. 

• i p = Carcijl < m < | H p _i_ 2 m = 0 mod p}, index of irregularity of p. 
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• gfw : This mention joined to the formulation of a criterion on the following 
table means that the generalization of Fermat equation 

x p + y p + cx z p = 0, 
c e Z - {0}, 

xxyxzxc^ 0 mod p, 
x — y ^ 0 mod p 2 , 


where the prime factors Cj of c verify Cj ^ 1 mod p, as explained in section 18 
p.193, can be applied to this criterion. 
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(1/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

gfw Y}j=: l 1)/2 js = 0 mod p. 

Cauchy 

1847 

@ (4A) p 120 

gfwFor Kummer Polynomials explicitly com¬ 
putable 

Pi(T)=T, 

P 3 (T)=T(1-T), 

P 5 (T) = T(1 - T)(l - 10T + T 2 ),... 
and for m = 1 ,..., 2^ then 
P2m+l{-t)B p - 1 _2m = 0 mod p. 

Kummer 

1857 

m ( 4 °) p 125 

Mirimanoff congruences : 

(f>p_i(t) = 0 mod p, 

0 p _ 2 (t)^ 2 (i) = 0 mod p, 

( t>(p+i)/ 2 ( t ) (p-i)/ 2 (t ) = 0 mod p. 

Mirimanoff 

1909 

B (IB) p 145 

2 P 1 — 1 = 0 mod p 2 . 

Wieferich 

1909 

B (3A) pl51 

gfwFor m = 1,..., 27 A then 

4 > 2m+l (t)Bp—l—2m = 0 mod p. 

Mirimanoff 

1909 

@ P 145 

5 P 1 — 1 = 0 mod p 2 

and Y^}j=i 7 = 0 mod P 

Vandiver 

1914 

n 

Hf=i p = 0 mod p- 

Vandiver 

1925 

H (5B) p 157 

For m = 1,..., 31 then 
m p 1 = 1 mod p 2 

Morishima 

1931 

@ ( 6 E) p 160 

Efi i J J 2 = 0 mod p. 

Schwindt 

1933 

@ (5C) p 157 

Let no = (45!) 88 . 

If p > no then for the even Bernoulli Number 
Bp—\— 2 m for m = 1,..., [Log(p) 1 P] 
verify H p i 2 m = 0 mod p. 

Krasner 

1934 

[24], PJ ( 2 A) p 149 

For d = 2,... ,p — 1 
(1 - d-^Bp^m = 

(p 1 2 m)d 2m 1 E/=iEi< j <i£ p^+rmodp. 

Vandiver 

1937 

@ (5B) p 108. 

for n = 2, 3,4, 6 then 

E 7 =i ] 7 = 0 mod p. 

Yamada 

1941 

B (5A) p 156 
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(2/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

gfw divides the first factor h* 

Eichler 

1965 


3|, (7A) pl85 

If s G Z, s ^ 0 mod p denote s the unique 

integer such that s = s mod p and 1 < s < 
p — 1. Let s' be any integer such that s's = 

1 mod p. For each n = 1, 2,... ,p — 2, let E n 
be the set of all integers s, 1 < s < p — 

2 such that (re + l)'ns < s. The Le Lidec 
polynomials are A n (T) = J2 S £E n S 'T P ~ S - 
The Le Lidec congruences are : 

(j) p -i(t) = 0 mod p 

A 2 (' t ) = 0 mod p 

A p 2 (t) = 0 mod p. 

Le Lidec 

1967 


3|,(1D) P 148 

i(p) > Wp\ ~ 1 

Skula 

1977 

1 

H 

For p, = 1,3,5, 7,9,11,13 then 

T}j=\ jp = 0 mod p, 

E f [=? jp = 0 mod P- 

Ribenboim 

1979 


3g,(5E) p 159 

q p ~ v — 1 = 0 mod p 2 (Granville-Monagan) 

for all prime q < 89 

Granville 

1988 


16] 

For k, N e N, 

A r € {2, 3,4, 5,6, 7,8, 9,10} U {12} 

0 < k < N — 1 then 

s (k, N ) = Ei ( i£S!i J = 0 mod p 

Skula 

1992 

m 

If the Rummer/Mirimanoff system of congru¬ 
ences has 

non trivial solutions, then 

i(p) > l(?) 1/3 ] 

Skula 

1994 


54|,|55| 

q p 1 — 1 = 0 mod p 2 

for all prime q < 113 

Susuki 

1994 

|56| 

There exists L G N such that for all p > L, 
then : 

for k, N e N, 2 < N < 94, 0 < k < N — 1 

s(*,Ar) = Efl£w+i7 = 0mod P 

Ciranek 

1994 

n 
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(3/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

For k,N e N, 2 < N < 46, 0 < k < N — 1 

s (k, n ) = E [ l=tkp/m- 1 1 = 0 mod p 

Dilcher Skula 

1995 

i 

gfw For / e N, e p + 2 < / < p — 1, for each 
set 

If = {91,92, ■ ■ ■ ,gf | * / i' => / 5 *}, 

there exists a set 

£(//)=-ft, '.eN. 7 = 1,...,/} 

such that J2i=i 9 i x h = 0 mod p and 

4 > 2 m+l(t) J2i =1 9i(2m+ 1 ) xli = 0 mod p 
for m = 1 ,..., 

Queme 

1998 

pro |2| p. 76 

gfw There exists r E N, r < min(e p + 
2, 2^1). depending only on p and f, such that, 
for each primitive root u mod p, there exists 
a set 

N r (u) = {ni,n 2 , ■ ■ ■ ,n r } 
verifying YH =l u i x n ? ; = 0 mod p 
and for all m = 1 , 2 ,... , 

• 02m+l(f) x (//'—1 M (2m,+1)i, x n i ) = 

0 mod p, 

• p does not divide simultaneously 
02m+l(^) an d ^2i=l u (2m+l)i x n i- 

Queme 

1998 

cor 19.9| p. 105 

gfw r p p— rank of class group of Q(£). 

There are at least 2^ — r p different m E N, 

1 < m < 2^ with <t> 2 m+i (t) = 0 mod p. 

Queme 

1998 

cor 9.12 p. 10£ 
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(4/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

gfw Let 

I < f ) = {2m i + 1 | i = l,...,r—l, 

^*2m i+ i (i)#0m° d p, 0 <mi<2 ^}. 

We have the equivalence 

u ili 4- V r Uiii — 0 mod 7T P~ L 

2-4=1 x+C-iy ' 2-4= 1 x+t^-u-iy - u mou ^ 

h = (-l) r_1 X ni=; U 2 m i+ 1 mod p. 

l r -1 = (-1) X JJiZi U2m,i+1 mod p, 

l r = 1. 

Queme 

2000 

thm p,10|p. |105| 

Let I\ be an intermediate field, with Q C K C 
Q(0) [ K ■ Q] = 9, P - 1 = 9 x /, where 
/ is odd and gcd(f,g) = 1. Let rx be the p- 
rank of the class group of K/Q. Then, if < 

there are at least — rx Mirimanoff 

polynomials congruences 

</ , /(2n+i)( i ) = 0 mod p, 1 < 2 n + 1 < g. 

Queme 

2000 

thm 11.3 p. |118| 
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(5/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

Let p — 1 = / x g with / odd. Let K be 
the intermediate field Q C K C Q(() an< l 
[K : Q] = g. Suppose that p does not divide 
the class number of K/Q. Then we have the 
Mirimanoff’s polynomials congruences 

0 /( 271 + 1 ) (*) = 0 mod p. 

2n + 1 = 1,3,5,... , g — 1. 

Queme 

2000 

cor 11. 2| p. |118| 

gfw Let f € N, p — 1 = 0 mod /, / ^ 

0 mod 2. Let g = 2^1. Let K be the field 
Q C K C Q(C), [K : Q] = g. If p does not 
divide the class number of the field extension 
K/Q then 

£f=d, l mod X t l ) = 0 mod p. 

Queme 

2000 

cor ?? p. ?? 

gfw Suppose that p — 1 = 0 mod 3. Let K be 
the Held Q C K C Q(C), [K : Q\ = 2zi. 
then p should divide the class number of K/Q. 

Queme 

1999 

thm 11.6 p. |120| 

gfw Let t = — ^ mod p. Let r g be the minimal 
rank defined in the relation (105) p 112. If 
FLT First Case fails for p , then 

1. ) there exists exactly — r g + 1 different 

values m, m E N, 1 < m < — 1, such 

that we have for m the g Mirimanoff polyno¬ 
mial congruences: 

^2m+l+a(p—1)/ 9 W = 0 m ° d P > 
for a = 0,..., g — 1. 

2. ) there exists exactly r g — 1 different values 
rri. m G N, 1 < m < ^-1 — l ; such that 
we have for m at least one a G N, 0 < 
a < g — 1 with the Mirimanoff polynomial 
congruence: 

$!m+l+a(p—D/flW mod P- 

Queme 

2001 

thm 10.3 p. 112 


189 
































(6/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

gfw Let u be a primitive root mod p. 

Then p — 1 congruences: 

(P—1)/2 

Ui x ) = 0 mod p : 

2—1 

k = 1, ... — 1, Mj x = k mod p, 

1 < rni,k <P~ 1- 

Queme 

2000 

thm fL2.6| p.|129| 

gfw 

Let / be an integer with / > mm(e p + 2, 

Let Ef be any set Ef = 

i = l<gi<p-l}. 

Let Kf be any set Kf = 

{kj £ N, j = l<kj <p-l}. 

Let us define for i = 1,... /, j = 1,..., / 
mij = gf 1 x mod p, 1 < mij < p — 1, 
fji £ E f , kj G Kj. 

6ij = (t mi j + m od p. 

If the first case of FLT would fail for p then 
the / x / determinant 

A/(t) = |%|i<i< P -i, i<j< P -i = 0 mod p. 

Queme 

1998 

thm 12.4 p. |128| 
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(7/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

gfw 

Let / be an integer with / > min(e p + 2, 2^1) . 
Let u be a primitive root mod p. 

Let 1 G N, 1 < l < P — 1. 

Let meN, 1 < Z < p — 1. 
the determinant A y(t) = 

= 0 mod p 

Queme 

2000 

cor 12.5| p. 



gfw 

Let a E N be the order of t mod p. Then 

Queme 

2000 

thm 12.7 p. 

129 

(gfw if p = 3). Let p 6 {3, 5, 7}. Then 

Ej’i? = 0 mod P- 

Queme 

1998 

cor 16.14 p. 

174 


(gfw if p = 3). 3(p — 2) congruences mod p: 
For all p € {3,5, 7}. 

For all d e N, 1 < d < p — 2 then 

E,- eu d [A i£[ Ft = 0 mod P- 

•' tu z=ild+i > d J 

Queme 

1998 

cor 16.15 p. 

gfw For every 1 < m < with f> 2 m+i(t) ^ 

0 mod p, 

for every d G N, l<d<p — 2 then 
^,-rur Zp — ^ 7 2m + 1 — 0 mod 

Queme 

1998 

cor 16.161 p.175 

gfw Let p > (45!) ss . 

[Lop(p) 1//3 ](p — 2) congruences mod p: 

For all m = 1, ..., [Log(p) 1 ^ 3 ]. 

For all d G N, 1 < d < p — 2 then 

id. i ip ip] A'lm+i — 0 mod p. 

J^ u l=l\-d+l’d J J 

Queme 

1998 

cor 16.17 p. |176| 

(gfw if p = 3). 3 (p — 2 )(p — 3) congruences 

mod p: let p G {3,5, 7}. 

For all di, c ^2 G N, 1 < d\ < d 2 < p — 2, 

EEi Em=i Eje^.^jn^.^t F 

= 0 mod p, 

Queme 

1998 

thm 16.21 p. 181 
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(8/8) If the first case of Fermat’s Last Theorem would fail for p then: 

Condition 

Author 

date 

Reference 

(gfw if fi = 3). 3 (p — 2) congruences mod p: 
let p 6 {3,5, 7}. 

For all d 6 N, 1 < d < p — 2, 

Ej>i/2 Em=l JP = 0 mod P > 

Queme 

1998 

cor 16.22| p. |182| 

gfw p — 1 congruences, generalization of 
Cauchy criterion to exponential congruences. 
For k = 1,... ,p — 1 

P-! i 

1 x ^(kxj 3 mod p) _j_ ^(p-fcxj 3 mod j 

j=(p+l)/2 J 

= 0 mod p. 

Queme 

>) 

2000 

thm 16.23 p. 182 

A particular case of Fermat-Wiles: 

Let x, y, z G Z — {0}, pairwise coprime. Then 
p — y) x (y — z) x (z — x) implies that 

+ y p + / 0 . 

Queme 

2001 

thru [12.11 p. |13J 
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18 FLT first case: A generalization to diophan- 
tine equations ~ f ' ! jj' = t\ and x p + y p + c x z p = 0 

18.1 Introduction 

Let p > 5 be a prime as assumed in all this paper. Let x,y,z £ Z — {0} mutually 
coprime. Let us consider the two generalizations of the Fermat’s Equation first case 

£P —1— r nP 

(169) -= t?, x,y,ti G Z — {0}, xy(x 2 — y ) ^ 0 mod p, 

x + y 

and 

(170) x p + y p + cxz p = 0, x, y, z, c G Z — {0}, xy(x 2 — y 2 ) ^ 0 mod p. 

Recall that p > 5 is assumed in this paper. 

• When x x y x z ^ 0 mod p the Fermat’s equation x p + y p + z p = 0 leads to the 
three Barlow-Abel relations 

x p + y p 

— 

x + y 

y p + ^ „ 

-= r\ 

x + y 

z p + x p 

-= s i 

x + y 

At first, if we assume that all primes q dividing c verify a ^ 1 mod p„ we shall 
show that the Generalized Fermat-Wiles equation, 

x p + y p + c x z p = 0, xy{x 2 — y 2 ) ^ 0 mod p, 


x + y = t p , t\ G Z — {0}, 
y + z = r p , q eZ — {0}, 
z + x = s p , si G Z - {0}. 


implies the partial Barlow-Abel equation 

X P _|_ yP 


x + y 


= t p , x + y = t p , ti G Z — {0}. 


which is thus more general than equation (17C) p, 193 and a fortiori more general 
that the first case of Fermat, x p + y p + z p = 0, xyz ^ 0 mod p. 

We shall use the fact that several criteria on p obtained for the first case of FLT 
in the literature and almost all the new criteria on p that we have obtained 
rest on the factorization properties of one and only one of the Barlow-Abel 
equations = t p where t\ G Z — {0}. 
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The first example of criterion on p for the first case of FLT is Cauchy’s criterion, 
see Ribenboim [39] p 120. As an example, we detail the proof of generalization 
of Cauchy’s criterion for the Generalized Fermat-Wiles equation. 


• For a comparison with results obtained for the Generalized Fermat-Wiles equa¬ 
tion x p + y p + cz p = 0, see Finch JTl[] , survey for this topic, and Barlow-Abel 
equation - = tf, see Terjanian |5£|1 


18.2 Some results 

Lemma 18.1. Let x,y,z € Z — {0} mutually co-prime. Let c € Z — {0}. Suppose 
that xxyxzxc^ 0 mod p. Let c = ± n™=i C T be the factorization in primes of 
c. Suppose that c* ^ 1 mod p, i = 1,..., m. Then x p + y p + c x z p = 0 implies the 
generalization of Barlow-Abel relation = t p and the relation 2d— = t p . 

Proof. From x p +y p +cxz p = 0, we get (x+y)x(^^-)+cxz p = 0. Classically, all the 
primes divisors q of xP + yP verify q = 1 mod p. From hypothesis on c, we deduce that 
c and xP ^ y J are coprime and so c divides (x + y). Therefore —) x (^pjj-) + z p = 0. 
Classically, (x + y) and ( ^ ) are coprime and so (2-±^) and ( x x ^ > ) are coprime 
and so = t p and = t\. □ 

Theorem 18.2. Generalization of Cauchy’s criterion 

Let p > 5 be a prime. If x x ^ > = x, V, ti € Z, xy(x 2 — y 2 ) ^ 0 mod p then 
p verifies the congruence 

(p- 1)/2 

^ j p ~ 4 = 0 mod p. 

3 = 1 

Proof. 

• Suppose, at first, that Q(C)/Q is a principal field. Then, similarly to proposition 
D p.ffb], it is possible to write 

(x + (y) = C x n x 7 P , v£Z, 1 J£Z[( + C 1 ]*, 7 e Z[(], 

Then, by conjugation, 

(x + C^ 1 ?/) = C~ v xrjx'^f. 

Then, observing that rj = rj we get, dividing these two relations 

{x + &/) = C 2vl P = 

(x + C _1 y) 7^' 
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Then, applying proposition [I] p.|73|, we get y p = y p mod 7r p+1 and so 

} X+ f V f = C 2 ” mod „»+‘. 

(x + c^y) 

which leads to 

x + (y = ( 2v x + ( 2v ~ 1 y mod vr p+1 
Note, that this relation implies 

x + (y = ( 2v x + C 2v ~ 1 y mod p 
wich implies 2v = 1 mod p and then 

(x — y) + C(y — x) = 0 mod 7r p+1 


so 

(x — y)( 1 — () = 0 mod 7r p+1 , 

and finally x — y = 0 mod p 2 , which contradicts hypothesis. 


Suppose that Q(C)/Q is not principal : then, the proof of Cauchy’s criterion 
needs only one Barlow-Abel congruence = t\ as it is possible to verify in 

classical proof, see for instance Ribenboim, ]3£] p 120-125. 


□ 


Theorem 18.3. Let p > 5 be a prime. Let x,y, z € Z — {0} mutually coprime with 
xy{x 2 — y 2 ) ^ 0 mod p. 

• If xP l ^ y y P = t \, t\ € Z, then p verifies all the criteria, congruences on p or on 
t = — | mod p, quoted (gfw) in the table of results of the comparative survey 
of the previous section B 


Let cGZ - {0} where 

c = ± n;=i C T factorization of c in primes. If Ci ^ 1 mod p , i = 

1 ,,m and if x p + y p + c x z p = 0 then p verifies all the criteria, congruences 
on p or on t = — | modp, quoted (gfw) in the table of results of the comparative 


survey of the previous section 11 p\18 , 


Proof. 


Proof similar to theorem 18.2 p.194. 
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• The proofs of all these criteria needs only to assume one Barlow-Abel congru¬ 
ence as hypothesis, except all the case with p, > 5 which occurs in corollary 
16.11 p.172, corollary 16.12| p. |172|, co rollary 16.13 p.173, corollary [16.14| p.174, 
corollary 16.15| p. |l74| , corollary 16.20 p.181, theorem 16.21 p.181 and corollary 
16.22| p. |182| , where several Barlow-Abel equations are needed simultaneously 
for proof and cannot be used in this Fermat-Wiles Generalized equation. 

□ 


Remark: This result goes toward the Terjanian conjecture which asserts that 
if xy(x 2 — y 2 ) ^ 0 mod p and xV ~Xf = f?, t\ E Z, then the Kummer system of 
congruences of this Barlow relation has only the trivial solution, see ||58|| . 
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19 FLT second case : miscelleanous 


Contrary to a largely spread idea, it seems it is possible to use methods of this note 
to partial results on the second case of Fermat’s Last Theorem. In this direction, 
we prove these, in our opinion, new results, first on an elementary approach, then 
following some results in Washington, [68]: 


19.1 An elementary approach 

Theorem 19.1. *** Let p e N, p > 2 be a prime. Let x,y,z£Z — {0}, p || y. 
Then x p + y p + z p / 0. 

Proof. 

• From hypothesis, (x + C, u y) ^ 0 mod n. Then all the prime ideals q dividing 
(x + Q u y) are of degree 1, thus ^q(()/q{ q) = q where q E N is a prime with 
q = 1 mod p. Therefore, though we deal with second case of Fermat’s Last 
Theorem, the relation (2.5) p 119 of j3lj, and also proposition (3B) p 119 can 
be used. In the same way the relation (4.7) pl22 of (3^] can be used to obtain 

JJ (x + C Ui y) = C m 7 P , m 6 N, 7 E Z[£]. 

i£l(u,d) 

• From y = 0 mod p and from d)( x + C Ui y) = C m 7 p > we obtain x ( p_1 )/ 2 = 

( m c mod p, c E Z. Then m = 0, therefore Y\ ie it u d )(x + C Ui y) = 7 P , so 

FI iei(u,d)(( x + V ) + (C Ui ~ l )v) = 7 P , hence 

(x + y ) (p “ 1)/2 + (x + y) ip ~ 3)/2 y Y ^ ~ x ) = 'f mod 7I ‘ 2(p-1) ■ 

iGl(u,d) 


• From Barlow-Abel formula, see j39|, formula (1.9) p 54, we have x+y = t p , t E 
Z. Let fi = i( p_1 )/ 2 . Then, (x + y)( p_1 )/ 2 — y p = t p — y p . We have t p — y p = 
0 mod 7r, then from proposition ( |7.1| ), we have t p — y p = 0 mod vr p+1 , therefore 
^2iel(u,d)iC Ui ~ l)x (p " 3)/2 y = 0 mod vr p+1 so £ie/(u,d)(C Ui “ 1) = 0 mod vr 2 , 

so Eie/(n,d) - 1) = 0 mod 7r 2 , by simplification J2iei(u,d) u i = 0 mod 7r - 
hence J2iei{u,d) u i = 0 mod P- 

• Let d = 1,2,... ,p-2. Let /(u,d) = {i| l<*<p-l, + ^-*+md u (d) > 

p}. For i given and for d varying from 1 to p— 2, the quantity u u _ i+in d u (d) mod p 
takes all integer values from 1 to p — 1 except the value p — u v -i which would 
correspond to d = p — 1. Therefore the quantity Q(i,d) = u v -i + u v _ i+in d u u) 
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takes all values from u v -i + 1 to u v -i + p — 1 except u u -i + p — u v -i = p. 
Therefore, when d goes through 1 to p — 2, the expression Q(i,d) takes all 
values from p + 1 to u u _i + p — 1 with Q(i,d ) > p, therefore Q(i,d ) takes 
u v -i — 1 different values with Q(i,d) > p. 

• From Yliei(u,d) u i = 0 mod P for d = 1,... ,p - 2, we have £d=i J2 i£ i( u ,d) u i = 
0 mod p. 

• In an other part, we obtain from previous estimate of the cardinal number of 
Q(i, d) > p, the congruence YZ=l E iei(u,d) u i = Ef=i(^-i “ l ) u i = (p~ 1 ) 2 ~ 
Ya=i u i = 1 mod p. a contradiction, which achieves the proof. 

□ 


Remark : Here, we have used the property a = (3, a ^ 0 mod n => a p = 
/3 P mod 7r :p+1 : it is important to observe that the classical result a p = (3 P mod ir p ~ l 
would not allow to conclude. 

The next result is another proof of the same result interesting because it is strictly 
elementary in Z. 

Theorem 19.2. *** Let p G N, p > 3 be a prime. Let x,y, z G Z — {0}, p || y. 
Then x p + y p + z p / 0. 

Proof. We shall show that if x p + y p + z p = 0 and p\y then p 2 \y. 

• From Bar low-Abel, see (1.9) p 54, we have = tf with t\ G N. From little 

Fermat theorem, x p + y p = x + y mod p, so t\ = 1 mod p. hence = 1 mod p 2 
and 

(171) x p + y p = x + y mod p 2 . 

• From Barlow-Abel, we have = p.s\ where si G N. All the prime q dividing 

si verify q = 1 mod p. so si = 1 mod p and s\ = 1 mod p 2 which leads to 

qpP vP 

(172) -= p mod p 3 . 

x + z 

• We have = x p ~ 1 — x p ~ 2 z + ■ ■ ■ — xz p ~ 2 + z p ~ l . From y\p, we obtain 

x + z = 0 mod and thus x + z = 0 mod p 3 from hypothesis p > 3. 
Then we obtain x^ 1 — x p_2 (—x) + • • • — x(—x) p_2 + (—x) p_1 = p mod p 3 , so 
px p ~ 1 = p mod p 3 , hence 

(173) x p_1 = 1 mod p 2 . 
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• From relations ra p j!98| and ( |173| ) p j!98| , we obtain y — 0 mod p 2 , which 
completes the proof. 

□ 

Remark: With an application of Furtwangler theorem in class field theory, 
Vandiver (67j, see also Ribenboim [^] (3E) p. 170, proved the better result: Let 
p G N, p > 3 be a prime. Let x,y, z € Z — {0}, p 2 || y. Then x p + y p + z p ^ 0. 

19.2 Cyclotomic number fields approach 


We apply similar technics to those of Washington, |68|], chapter 9 p 167, for FLT 
second case. 

• Let x, y,z be a solution of second case with y = 0 mod p. Suppose that 
h + ^ 0 mod p. We have _ \ _|_ and so = 1 mod tt p . 

Then, we are in the situation to apply Washington [q^], lemma 9.1 p 169 and 
lemma 9.2 p 170, to get 

l + r-i = 7eQ(0- 

x + C 

Therefore, from proposition |lj p.73, = r y p — l = 0 mod 7r p+1 , which 

implies that y = 0 mod p 2 , result that we shall prove also, without assuming 


Vandiver conjecture, in theorems [19.1| p. |197| and |19.2| p.|195. 
We derive also 


_ ( x + (y ) 2 _ = 7 p 7 G q(o. 

(x + Cy)(x + C _ 1 y) 


From h + ^ 0 mod p we get 


(x + (y){x + ( 1 y) = rjixa p , a£Z[( + ( i ]. 


-ii 


and so 


(x + (y) 2 = i)ixf x a p , 

so, raising to 2±i power, 

(x + C y)(x + (y) p = ^ p+1)/2 x Y {p+1)/2 x a p(p+1)/2 , 

also 

, 1A , (p+D/2 

X + Cy = Vi X - - ) p , 

(x + (y) 

x + (y = r)X(3 p , (3 € Z[C], TjeZK + C" 1 ]*- 


and finally 
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We have seen that y = 0 mod p 2 and, classically, x + y + z = 0 mod p 2 , see for 
instance Ribenboim (3B)-2 p 58, therefore x + z = 0 mod p 2 . Thus 

x + (z x(l-C) j 2 

%(1 - c - 1 ) p - 


which leads to 


-r 1 X+ , C * = 1 mod tt 2 ^- 1 ). 
x + C _1 £ 


Let a; = — £ 1 x . ■ Then w = -( x X t‘lrl Z ■ Therefore w x a; = 1 and 


x+t^z 


c 1 X ( ? , l a w C lC-i 1 =7 "’ ^GQCO- 
(x + C-2)(T + C -2) 


w = 1 mod 7r 2 ( p_1 ), and also wZ[£] = b p , where b is a fractional ideal of Q(£), 
because (x + (z) = it x Sy where s y is an integral ideal of Z[£]. Thus, we are 
again in situation to apply Washington lemma 9.1 p 169 and lemma 9.2 p 170, 
to get 

-C 1 * X , + 4i =7 "- 

x + C z 

We get 
(174) 

Let us note A = ( — 1 and p = (£ — 1)(£ _1 — 1). From h + ^ 0 mod p, we derive 
(x + (z)(x + ( _ 1 z) = A 4 x 771 x a p , 771 E Z[( + C 1 ]*, aeZfC + f 1 ]. 

We have also 

x + (z = \ x 5, 5 6 Z[£]. 

Raising relation (174) p. |200| to the FLi power, we obtain 

(x + Cz)(® + C-) p = -C (p+1)/2 x p( p+1 )/ 2 x 7^ p+1)/2 x a p ^ +1 )/ 2 x 7^ (p+1 )/ 2 
and so 

,(P+l)/2 


(x + Cz) = -C (p+1)/2 


A* V 


which gives 


(x + C z) = -C (p+1)/2 X 




Ap 


(P+l)/2 


(p+i )/2 ,a (p+1)/2 x 7 y P+1 ^ 2 

x pf x (-—^-) p 


Ap 


xr?x/ 3 p , /3 e Z[C], pGZfC + C" 1 ], 


so 


(X + Cz) = -c ( P +1)/2 x (C - 1) (P+1)/2 x C (p+1)/2 X (1 - o (p+1)/2 x n X /y 
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and finally 


(x + (z) = (-1)(p -1)/2 x (C — 1 ) x 77 x /3 P , 0€Z[<Z], r/GZ[C + C 1 ]*- 

and, by symmetry on x, z, 

{x + Cz) = (-1) { p - 1)/2 x (C - 1 ) x rjy,i x fa, i€Z[C], ^.iGZC + C" 1 ]*, 
(* + Cx) = (-l )^- 1 )/ 2 x (C - 1 ) x %, 2 x /? y>2 , 1^,2 GZ[C], jfo.aGZC + C 1 ]*. 


• We get the two relations 

C x (x + C -1 ^) = (-l) (p_1)/2 x (C - 1) x 77^2 x /3^ 2 , 
x + C _1 z = (-l) (p_1)/2 x (C -1 - 1) x rj yA x (4,1^), 

and finally 

%.2 _ , Py,l . v 

Vy, 1 A /,2 

• Finally we summarize all that in the set of simultaneous relations 

Theorem 19.3. Suppose that h + ^ 0 mod p and x p + y p + z p = 0, x,y,z G 
Z — {0}, y = 0 mod p; then we have the set of relations 


(175) 

y = 0 mod p 3 , 

7.€«0, 

-r‘» iW =7g. 7,e«0, 

X + C Z y 

(x + Cy) = Vx X f3 P , Px G Z[C], Tfc G Z[C + C 1 ]*, 
(z + Cy) = Vz x /3f, (3 Z G Z[C], r / 2 G Z[C + C *]*, 


(x + Cz) = (-l) (p 1)/2 x (C - 1) x x A/d G Z[C], 

(z + (x) = (-l) (p_1)/2 x (C - 1) x r]y j2 x /^ 2 , /3 y , 2 G Z[C], 


yy,2 _ ^ A/,1 yp 
^?y,l fiy, 2 


Vy ,l G Z£ + £ 1 ]* ) 

g Z£ + c 1 ]*, 
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19.3 Hilbert class field and representations approach 

Recall at first some definitions and properties obtained in representation and class 
field theory: 

• C p is the p-class group of Q(£). 

• Cp is the subgroup of C p whose elements are of order 1 or p. r p is the rank of 
C p and Cp is of order p r p. 

• r~ is the p-rank of the relative class group C~ and r+ is the p-rank of C+, 
class group of the field <Q>(£ + £ _1 ). 

• There exists a class of ideals b of Z[£] such that: 

b ~ bi ... b rp , 

b 9^ Z[C], h p ~Z[C\, 

bi^Z[C], bf~Z[£], i = 1,... ,r p , 

cr(bj)~bf, pi E N, l < pi<p-l, i = l,...,r p , 

Cl = ©^ < Cl(hi) > . 


• There exists C\ E Q(£), i = 1,..., r p , such that 

CiZ[(\ ~ bf, Cl(bi)eC-, 

Ci = 1 mod 7r 2mi+1 , 1 < rrii < ^ ^ . 

• From Hilbert class field structure theorem [h^ p. |5(| Ci E Q(C) — Z[£]*, i = 

1 ,...,r p , are singular primary and correspond to Hecke component of the 
relative class group C~ and Ci, i = + 1,..., r~ , are not singular primary. 

This theorem gives the general form of the class field theory structure of the Fermat’s 
equation in the FLT second case: z = 0 mod p. 


Theorem 19.4. *** Suppose that x p +y p + z p = 0 with z = 0 modp , xy ^ 0 modp. 
Then x, y verify the relation 


x + y = 0 mod p 2 , 

QZ[£] = b? 1 , Cl(hi) E C~, Hecke components, 
C t = cf mod ir p , i = 1,..., r p . 


7i e Q(C), 

* = !,■••) r p , 
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Proof. Let x p + y p + z p = 0 with z = 0 mod p. xy ^ 0 mod p. We have proved 
in theorem 19.2 p. 198 that z = 0 mod p 2 . From Ribenboim [f39| (3B).2 p 58, 
x + y + z = 0 mod p 2 , and so x + y = 0 mod p 2 . Therefore 

x + Cy 


By conjugation, we get 


1-C 

X + C 1 


= x mod p . 


1-C 


= x mod p 


From these two relations we get 


%+(y 

—C_ii— = l mod p 2 . 

z+C y 

From factorization of ideals in Dedekind ring Z[£] we get 

x + (y, 


1-C 


■m = s p , 


where s is an integral ideal of Z[C]. Let us consider the relative class group C~. Let 
Ci, i = 1,... ,r~, defined in lemma T9 p. ^8|. Strictly similarly to relation obtained 
in FLT first case, we can write in the second case, 

= CxCf X---XCL? x 7 f, 


x+(y 

i-C 

x+(~ 1 y 
Tax¬ 
'll £ Q(C), Ci = 1 mod 7T 2mi+1 , 1 < mi < 

V S N, Vi £ N, i = 1,... ,r~, 


p — 3 




where Q, i = 1,...,r+, are singular primary and Q, i = r+ + 1,... ,r p , are not 
singular primary (see Hilbert class field structure theorem L3 p. ^). These relations 
imply that v = 0 mod p. The number ( -l ) is singular primary, so from 
theorem [0| p. 56, application of class field theory, we get v r + +l = • 

0 mod p and finally we get 

= c r ><" ■ >< x , 72 e q(c). 


T P 


□ 
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Corollary 19.5. Suppose that h + ^ 0 mod p. Suppose that x p + y p + z p = 0 with 
z = 0 mod p, xy ^ 0 mod p. Then x, y verify the relation 

x + y = 0 mod p 2 , 
x+(y 

1 -4 t - = (^T, 716 2 ( 0 , 


7i 


x + Cy p 
= V X 7i, 

y = d p mod n p , d G Z. 


Proof. Apply theorem 19.4 p. 202 with the relation deduced of h + ^ 0 mod p: 


,x + Qy x + C m 2 „ 

(^7^) x ( 1-c _i ) = h 2 x 7i x 7i, 

7 GZ[c+c _ 1 r, 


to get 


x + Cy 
1-C 


= t) x 7 ?, ye z[c + C Y 


From = 1 mod p z we derive that y = d p mod ir p , d G Z, d^ 0 mod p. □ 
Remark: observe that this corollary is consistent with Washington formulation 


|68(] in page 171 and with theorem 19.3 p. 201 of this monograph. The next result is 
an independant application of several results given in Washington,!65]: the validation 
of this theorem implies to follow the proof with the Washington book. The notations 
are those of Washington. 

Theorem 19.6. Let I be the set of irregular indices. Let E 2 i, i = l,...,^yv, be 


the units defined in Washington / pq/ p 155. If h + ^ 0 mod p then 

x + Cy 


i-C 


(IP#) x* 7 2 eZ[C]. 


iei 


Proof. Suppose that x p + y p + z p = 0, z = 0 mod p, xy ^ 0 mod p. We start of 
the relation 

x + Cy 


= yxy p , yeZfC + C 1 ]*, 7£Z[C + r 1 ]- 


—ii 


1-C 


Washington Q p. 155: 


Let us consider the E 2 i, i = 1,..., defined in relation |55| p. |5j and also in 

1 /- au n ~ 

! 1 - C x+V-T 1 


E 2i = n(c (i_u)/2 

a =1 


1 - c a 

T a{() = C, a = 1,... ,p — 1. 
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From Washington |68|], corollary 8.15 p 156, the E 2 i, i = 1,..., generate the 
group Z[£ + C _ 1 ]V(Z[C + C _1 ]*) p - Therefore we can write from corollary 19.5 p. 204 


x + (y 
i-C 


(P— 3)/2 

( n ® 2 “‘)x7f. 


i =1 


Let i? 2 i) * = l,..., 2 ^, be the even Bernoulli Numbers. Let p be the index of 

iregularity of p. Let ij, i = 1,..., p, be the irregular indices, so of the B 2 i = 0 mod p. 
From Washington j68| exercise 8.9 p 165, the extension H/Q(() defined by 

is unramified. Therefore, the extensions Q((, /Q^), i = 1,..., p, are unrami¬ 

fied and so E 2 i j , j = 1 ,..., p, are primary units and so 

E tj = cf. mod 7r p , q. G N, j = 1,..., p. 

Let / = {*!,... z p } be the set of irregular indices. Let J = {i \ i = l,i I}. 
We deduce that 

^ = ci X PJ mod 7r p , ci GZ, ci ^ 0 mod p. 

^ i£j 


We have seen in theorem 19. 2j p. 195 that x + y = 0 mod p 2 , so 


0 ^ 2 i = c 2 m °d tt P j C 2 6Z, C 2 ^ 0 mod p. 
ieJ 


Let /3 = (C — 1)(C 1 — !)• From Washington exercise 8.11 p 166, we get 

E 2i = a* + bi x p l mod 7r 2< -* +1 \ i £ J, 

at G Z, bi £ Z, a* ^ 0 mod p, bi ^ 0 mod p. 


Therefore 


jQ(aj + bi x /?*)“* = C2 mod tt p , c 2 G Z, C2 ^ 0 mod p. 

*eJ 

Suppose that there exists a smallest zi with z G J and with ^ 0 mod p. We 
deduce that 

(ajj + /? x = c mod 7r 2 (* 1+1 ) 
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and so 

(a^ + x p l x bjj) = c mod 7 t 2 ^ 1+1 ) 


which implies that a tl = 0 mod p, contradiction. Therefore ctj = 0 mod p for i £ J 


and finally 

^T = TK’‘)xi?, 72 €Z[C]. 

^ i£l 


□ 

Remark: This formulation is consistent with structure theorem on Hilbert-class 
field of Q(C) (h*! P- |56|. Here r+ = 0. 
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